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ABSTRACT 


"Ehe present work on inspection errors deals with 
the effect of inspection errors. on various statistical 
measures of some sampling plans. Analysis related to the 

design of plans compensating for the presence of errors 
is also presented. 

The single, double and sequential sampling plans 
are considered for the attributes case. The effect of 
inspection errors on these plan is studied. It is found 
that performance measures such as probability of acceptance 
and average outgoing quality etc. are significantly affected, 

in the presence of errors. Compensating design procedures 
have also been discussed. 

in the context of variahlee, single and sequential 
san^-ling plans have been studied, m the presence of measure- 
ment error. Effect of errors/probability of acceptance Is 
analyzed and a design procedure Is discussed to compensate 
for the presence of measurement errors. 

The effects of inspection errors, both on the statis- 

tioal and economic measures suggest that there is a need to 

incorporate inspection errors in the model building phase of 

quality control If quality control systems are to be accurately 
represented. 



CHAPTER I 


INTRODUCTION 


1.1 


Quality and 


Control ! 


1«1»1 Human Aspects s 


Technology Is effective to the extent that men can 
operate and maintain the machines they design. Equipment 
design ^vhich consciously takes into account, advantages 
of human capabilities and constraints Itself vdthln human 
limitations would prove to be the most economic design. This 
consideration is more important in complex systems being 
developed. The present systems are pressing human functions 
more and more towards the limits of the efficient performance. 
The concepts of 'Human Aspects in Engineering' can be logically 
extended to ' Quality and Quality Control'. Let us first con- 
sider, what is Quality ? and *at is Quality Control ? 

^^Itv and Quality Control « 


All human institutions (industrial organisations, 
hospitals, governments, etc.) exist to provide products or 
services to human beings. An essential aspect of these pro 
ducts and services is that they must be fit for use. The 
phrase 'fitness for use' is the basic meaning of 'Quality' 
[Juran et al (15)]. Quality has long been recognized as a 
very desirable property of the manufactured product. 
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duality control an Integral part of any manufac- 

uring activity. It is an e£feot..ve system for Integrating 

the quality development, the quality maintenance and the 

quality improvement efforts of various groups in the oigani- 

sation so as to enable the production and service at most 

economical levels which allow for ^11 customer satisfaction 
LFeigerxbaum (6)]. 

W.E. Demlg (14) has defined Statistical tellty 
ontrol as follows. Statistical quality control is the appli- 
cation Of statistical principles and techniques in all stages 
Of production, directed towards the economic manufacture of 
a product that is maximally useful and has a market. 

teahi Aspects and Qual ity nontmi ■ 

Ihe human performance was obviously Important in the 
past. When most of the products were hand made. Today with 
rapid advancement of automation, human performance is. in a 
way. loosrng its Importance. Ihe Importance of people is 
evident in both, the production process in which human 

errors may lead to the defective products and i„ quality 
control where hiaman errors msv ini -i- 

and inf +■ ^ ^ inaccurate judgement 

information resultirrg m ineffective problem solving. 

People can be viewed as critical, element in the 

soclo-technical system. I^ie oeonlA o • ViiafcsW. 
mation . . equipment and the infer- 

matron organize toe-ether to or, u., ^ 

^ ® the products are 

made to certain standards of quality ihes ev, 

qudii-cy. These three may be 
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thought of as basic entluies of a quali'cy system* AtGording 
to obsetvations made by Harris et al (IG), there has been 
plenty of evidence to indicate that people play important 
role in determining the product quality and reliability* 
Similar bbser^ations have been reported by Drury et al (4). 

People conceive and design new products and processes, 
people select the material, parts and equipment required for 
the new products, people assemble, inspect and test. Finally, 
people pack.^ deliver and service these products. In 
performing these functions, each task is subjected to various 
types of human errors. 

Basically human performance affecting the quality is 
through the operator and the inspector*. The operator is, in 
a way element of the production system. Inspector is there- 
fore cohsidered as the sole contributor of human-errors in 
quality control system. Hereafter, terms himian errors, 
inspection errors or simply errors will be used to denote 
the same, 

1 *1 .4 Assumption of Perfect Inspection : 

Classically all quality control models assume that 
inspection is perfect. In the case of variables being 
measured on a continuous scale not only inspector but even 
measuring instruments are assumed to be absolutely accurate. 
Hence it is implicitly assumed that the dimension being 
measured is free frpm measurement error and hence the measured 
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value IS true representation of the quality characteristic. 

But unfortunately there Is no single Instrument *ich will 

give absolutely accurate results. Ihis along with human 

limitations give rise to what may be termed as measurement 
errors. 

In the same way, sampling Inspection plans for attri- 
butes have implicit assumption of perfect Inspector. This 
assumption is of course not true. In reality an Inspector 
would be making two types of errors. He may be classifying 
a good Item as defective (type I error) or/and may be classi- 
fying a defective Item as good (type II error). Although 
inspection errors are unintentional, they nevertheless can 

ely distort the objectives of a quality control system, 
which has ignored their presence. 

Facet s of 

The subject of human factors engineering has a small 
subset, which may be termed as ’ human factors in quality 

control . The research in the field of human factors in 

quality control can be divided in+n 

e aiviaed into following three categories. 

(i) Healing with the factors that affect the Infection 

performance and other psychological aspeqts. 

(rt) Dealing with measurement of the inspection perforrmance. 

(-1) Dealing with the analysis of quality control models in 

the presence of inspection errors. 
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Each one of the three is dependent on the other two. 
irst category is of chief interest to psychologists. 
However, the outcome of their research may be errtremely 
useful for the quality control system. This area has been falrlj 
well investigated and several experimental results have been 
obtained [Harris et al (10), Drury et al (h)]. 

ae work done in this area is of the following type. 

HOW does the nature of job affect the performance, what is 
the effect of defect rate ? How inspection tools and techni- 
ques etc. affect the performance? It includes developing 
guidelines for selection and training of the Inspector. 

Uiality motivation is another area of interest. 

Another facet of human aspects research in quality 
control includes the measurement of inspectors performance 
and^ comparative study of performance measures. Ihls is the area 
Of interest to the ergonomists. Ihey probably act as a 
^hk between the psychologists and quality control engineers. 

e simplest of performance measures are, the probabilities 
Of committing type I error and type II errors (these are 
represented by e, and e,) . others measures includes 
specificity and sensitivity, meases based on theory of 
^gnal detection etc. specificity is probability that a non- 
defective is Classified as such (i.e. 1 . e,). Sensitivity 
fs probabili^ that a defective item is classified correctly 
e^). There are quite a few performance measures 
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but these will not be discussed, this area not beinF 


of our 


primary interest. 


Just to mention at this stage, in the case of variables 

being measured on a contim-.ous scale, the performance measures 

are bias and Imprecision (c^). -These measures will be 

discussed in Chapter V. 

'Ilie third important category is the analysis of qua- 
lity control models in presence of errors. This is the main 

of "the work af hand. 

Basically there Is an implicit assumption that ins- 
pection for acceptance sampling or in the case of measurement 
la error free. We will try to relax this assumption. In case 
Of attributes, e3_, the probability of committing type I error 
(classifying a good item as defective) and e^, the probability 
Of oommlting type II errors ( classify irrg a defective as good) 
Will be considered as pair of perfomanoe measures. How the 
presence of Inspection error (in terms of e^ and e^) affect 
the analysis of sampling plan and ytoat are their cost Impll- 
-ions Will be the main interests to work upon. In the case 
Of variables sampling, the effect of bias (P^) aM impreci- 
sion (aj on some of the models will be studied. 
j^.^e^ature Sur-^rpy s 

Although the study of the effected nf 4-- 

. ^ O' exiec-cs of inspection errors 

on sampling plans is fairlv rpopn-t- o4-m 

xairi> receno, still considerable amount 

of work has been done. 
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Considerable work has been done in the area of 
psychological aspects of hman factors. Harris et al (10) 
have condensed few of the experimental results in form 
of a book, Drury et al (4) have also described in detail 
about these aspects. Inspection accuracy, factors affecting 
the human performance etc. are the titles, which we would 
frequently come across in the literature. 

Johnson et al (20) and lelmstra (33) have discussed 
various performance measures and their comparative study. 
Baker (37) has based his work upon theory of signal detection. 

These are some of the contributlonsln the category of, measur- 
ing inspection. 


Case, Benett, Collins, Schmidt (17,23,24,25,27) have 
done the maaor work in the third category l.e. the analysis 
Of quality control models in the presence of Inspection errors. 
They have discussed the effect of errors on various perfor- 
mance measures of ,a single sampling plan. Other notable 
contributions are by Ayoub et al (21, 22) , Beainy et al (16) . 
The later have tried to discuss the effect of errors on 
average outgoing quality (aoQ) and average total inspection 

(ATI) for nine different rectification policies given by 
Worthram et al (27). 


The ' p ' control chart under 
discussed by Case (18) . Continuous 
discussed by Case et al (26). 


inspection errors has been 
sampling plan CSP-1 is 
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Inspection errors will depend upon several factors 
including the incoming quality. Beigal (30) considers the 
inspection error to be a linear function of the incoming 

quality and analyzes the effect on the performance measures 
of a single sampling plan. 

The economic model has been discussed by Case et al 
(27) . In brief, considerable amount of work has been done 
for the case of single sampling plan. Main aim of the pre- 
sent volume is to extend the concepts for the cases of 
double and sequential sampling plans. 

In case of variables acceptance sampling, Mei et'al 
(34) have discussed the effect of measurement errors on the 
probability of acceptance and have given a compensating 
design procedure. Case et al (35) have provided an econo- 
mic model analysing the economic effects of the measurement 
errors. 


1*4 Organization of 

The study of the effect of inspection errors on 
various performance measures of sampling plans and modifi- 
cation Of the models to compensate for the presence of errors 
forms the core of the thesis. 

In Chapter II, the single sampling plan is considered. 
Single sampling plan Is probably one of the most extensively 
used tools of statistical quality control. The effect of 
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inspection errors on the performance measures of single 
sampling plan is first discussed. A model is then presented 
to compensate for the presence of- inspection errors, vlien 
designing the plan on the basis of quality protection require- 
ments i.e. (AOL, a), (RQL, p) requirements. A cost model is 
discussed to have an idea of the adverse cost effects of 
errors and the economic design of a single sampling plan 
in presence of inspection errors. Analysis of AOQL and ATI 
based plan is also presented. 

The effect of inspection errors on single sampling 
plan is a fairly well investigated area but still occupies 
a large space in this work, primarily because single 
sampling plan is a basic tool and analysis of this helps 
in developing few important concepts. 

The Chapter III is attributed to the analysis of 
double sampling plan in the presence of inspection errors. 

The analysis proceeds in the same way as in Chapter II, 

First of all, the performance measures of double sampling 
plan are analysed in the presence of inspection errors. 

A model is then presented to design a double sampling -vdiich 
accounts for the presence of inspection errors. Again Idle 
design is based on quality protection requirements. An 
exact economic analysis of double sampling plan in presence 
of errors is also presented. 
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Ihe Chapter IV considers the sequential sampling plan, 
here again the first step is to analyse the effect of ins- 
pection errors on the performance measures of the plan. A 
model is then presented to design the plan based on quality 
protection requirements and compensating for the inspection 
errors present. A comparative study of single, double and 
sequential sampling plans, is then presented. The comparison 
is based on the probability of acceptance in the presence of 
inspection errors. The three plans are designed for the same 
> ), (RQL, p) requirements, for the purpose of comparison. 

Hie Chapter V deals with the variable sempllng plans 
in the presence of the measurement errors. In this chapter, 
the effect of measurement errors on variable acceptance 
sampling is analysed. A compensating design procedure is 


also discussed. The case of known standard deviation is 
considered. A sequential probability ratio based plan is 
discussed *lch tests the mean of normal population in ihe 
presence of measurement errors. The case considered is of 
a single sided alternative with known standard deviation. 


Ihe Chapter VI is the concluding chapter which summa- 
rizes the results and developes logical interpretations. It 

also gives various interesting directions, one may work on for 
f'urther research. 


The Bibliography is provided to give a list of references 
in the end. 



CHAPTER II 


INSPECTION ERRORS AND SINGLE SAMPLING PLAN 
2«1 IuLroductiont 


Single sampling plan is probably the most extensively 
used plan amongst all acceptance plans. We would first pre~ 
sent a brief description of a single sampling plan, 

Generally, single sampling plans for attributes are 
characterized by two decision variables, denoted as, 

n = The sample size 
c = The acceptance number 


Hie plan proceeds as follows, rvom a lot, of size N, 
a random sample of size n is drawn and each Item of sample 
IS inspected and classified as good or defective. If the 
number of defectives found in the sample exceeds the accep- 
tance number c, the lot Is reoected, otherwise it is accepted. 

In this chapter, we will consider the effect of 

inspection errors on the various measures of the single 

sampling plan, such as probability of acceptance, average 

outgoing quality etc. Following that we will analyze certain 

aspects Of design of this plan when inspection errors are 
present. 
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The single sampling plan is usually designed on the 
basis of quality protection requirements, i.e. to satisfy 
certain (AQL, a), (RQL, p) requirements. This, however, 
does not directly take any economic aspect into considera- 
tion, The plan is also designed on the basis of average 
outgoing quality (AOQL) and minimum average total inspection 
(ATI), This design can be termed as semi— economic design. 
Recently, there has been an increasing trend of designing 
a sampling plan based on the economics taking various costs, 
such as cost of inspection, cost of repair etc, into 
consideration. 

We will see in following sections, how the above 
three procedures can be modified in presence of errors so as 
the requirements of (l) quality protection, (2) AOQL and ATI 
and ( 3 ) minimum expected cost are satisfieu. 

Errors on S ome Performance Measures* 

In case of inspection for acceptance sampling for 
attributes, two kinds of inspection errors are possible. 

An item which is good may be erroneously classified as defec- 
tive (Type I error) or an item which is defective may be 
erroneously classified as good (type II error). At this 
stage, let us introduce following notations s 

- The event that a good item is classified as 
defective. 
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E2 - The event that a defective item is classified as good. 
A - The event that an item is defective. 

B - The event that an item is classified as defective. 

Furthermore, let, 

e^ ^ Prob {E^} = The probability that occurs. 

^2 - Pr’ob {E2} = The probability that E2 occurs. 

2.2.1 Apparent Incoming Quality ? 

Incoming quality cannot be termed as a performance 
measure, but all other performance measures are functions 
of incoming quality. So we start with the effect of errors 
on the incoming quality. 

The erroneous inspector while making type I and/or 
type II errors does not recognize the incoming quality as 
such. Instead, he behaves as a perfect inspection would, 
to some other incoming quality, lAdiich we can term as 
apparent incoming quality. Then, if p is the true incoming 
quality (fraction defective) it can be written as, 

p = Prob {a} = Probability that event A occurs. 

Then apparent incoming quality denoted by p^ will be given 

hy, 

Pg = P{b} = Probability that event B occurs. 

Pg = P(A) . PCE^) + P(A) . P(E^) 

Pg = P (1 - 62) + (1 - p) e^^ 


( 2 . 1 ) 
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'Eh.e first term on right hand side of Eq, (2.1) gives 
the proportion of actual defectives that will he called as 
defectives, and the second terra gives the proportion of 
good items that will be classified as defectives. The above 
relation gives apparent incoming quality in terms of true 
incoming quality, (or true fraction defective) and inspection 
performance errors (e^, e^) . 

At this stage it will be useful to have an analysis 
for the distribution of observed defectives. We know that 
type B OC curve in the attribute sampling plans is simply 
the probability of acceptance versus process fraction defec- 
tive. The Binomial mass function is often used for assess- 
ing the probability of acceptance [Duncan, (5)]. We would 
like to know what mass function would be appropriate for 
marginal distribution of the niomber of observed defectives 
in a sample [Collins et al (17)]. 

Conditional Distribution of Observed Defectives ; 

We would develop in this section the conditional 

distribution of the observed number of defectives, x , in the 

e 

sample, which depends upon the prior distribution of actual 
number of defectives present in the sample. Let i denote 
the number of actual defectives correctly classified 
then the distribution of i is described by binomial mass func- 
tion because the item \diich is defective may be classified as 
defective or good in presence of inspection error (type II error) . 
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It means classifying a defective as good or as defective 
also forms a Bernoullies trial. The mass function gjj(i) 
describing the distribution of actual defectives (out of x) 
classified correctly (i) is given by; 

gj^Ci) = (f) (1 - 62)^ (2.2) 

The number of good items in the sample is, therefore, 

n - X. The number of good items that will be erroneously 

classified as defectives is x ~i, ■viaere x^ is total number 

e e 

of observed defectives and i is number of actual defectives 
classified correctly. The mass function g (x -i) gives 
distribution of good items erroneously classified as defec- 
tives (type I error). The mass function g^ (x -i) is given 


®n-x ^ X 


n - X 


X -1 

e 


) e^ (1 - e^) 


n-x-x„+i 

0 


(2.3) 


Then the conditional probability distribution q^( x./x) of 

having x^ as observed number of defectives given that x is 

actual number of defectives is given by, 

Min 
(x,x) 


qjxjx) = £ (^Xl-e.)^ e2^-i(5-%) e,''^"^l-e,) 

i=Max 1 ^ ^ Xg-i 1 1 

[Xg-(n-x),0] 


e 


"•n' e' 


( 2 . 4 ) 


Marginal Distribution of Observed Defectives; 


Once we have obtained conditional distribution of the 
observed defectives ^et the marginal - 
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distribution (x^) of the observed number of defectives. 
The marginal or unconditional distribution is given 
dy LCollins et al (17)], 




gn^^e^ 


n 


E 

x=0 

q„(x:eA)-g: 


Min 

n 


Z 

Z 

x=0 

i=Max 


g-(n-x),0] 

“^x 

o 

^) e ® 

- ^1 




(l)(l-e 2 )i e. 


X-l 


n-x-x +i 


where e^(x) = Q) {l-p)n-^ . 

X 

(/) [pCl-e2)]h(l-p)e,f® 


x_-i 


e i=0 
n-x 


cfl=o 7 -l) [(l-p)a-ep)] 


n-x-x +1 
e 


x-i=:0 e‘ 

wnich can be simplified to the following form by substituting 
for the binomial summations, 


gn^^e^ - (3^^) [p(l~e2)+(l-.p )e^] ® [pe2+(l™p) (l- 


n-x 


■ep] 

(2.5) 

The equation ( 2 . 5 ) can be simplified by substituting the value 
Of Pg from equation (2.1), 

n-x^ 
e^ 


Sn(-e) = (!)p/® 

^e ® 


X ' Pe (l - p^) ® 


( 2 . 6 ) 
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The equation (2.6) gives the marginal distribution 
of the number of observed defectives. The relation also 
indicates that modified Binomial (n, p^) is the distribu- 
tion which can be used in the expression for the OC curve 
in presence of inspection errors. 

2.2.2 Probability of Acceptance s 

It has been shov/n by Hald (17) that a Binomial distri- 
bution is applicable to hypergeometric sampling i.e. if a lot 
of size N is formed from a Binomial process, and a sample of 
n items is drawn from such a lot, then the number of defectives 
in the sample is described by a Binomial mass function. Pro- 
bability of acceptance Pa in absence of errors, for a given 
incoming quality p is given by, 

Pa = Z & p^ (l-p)"^"^ (2.7) 

x=0 ^ 

c 

Pa = Z g (x) 
x=0 ^ 

where g 3 ^(x) is the marginal distribution of the number of 
defectives x, in a sample of size n. 

Let us define apparent probability of acceptance in 
presence of errors as Pa^. From Eq. (2.6) Pa^ is liv^n by, 

c n X n-x ' 

^ „ L 5 Pe ® O-Pg) ® '■ (2,3) 

X =0 e ® 

6 

where is the observed number of defectives. We note that 
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above expression lor Pa^ Is similar to Pa where x is replaced 

by Xg and. p by p^. 


To Illustrate the eMect of inspection error on proba- 
bility Of acceptance we consider a typical single sampling 
plan (N = 1000, n = 65, o = 3) . This plan was found for 
error-free inspection lor (AQL = 0.02, a = 0.05) and 

(ROL = 0.12, p = 0.05) requirements. For this plan, a few 
representative incoming quality levels were considered and 
the effect of lew selected error pairs (e^^, e^) on probabi- 
lity of acceptance was studied. The results are shown in 
Tables 1 and 2. Table 1, shows probabilities of acceptance. 
Table 2 shows, the percentage change in probability of 
acceptance from that with error-free inspection. 


Now for the plan (M = looo, n = 65, c = 2) found for 

the error free inspection to satisfy (AQL = 0.01, a = 0,05), 

(RaL=.08, p . 0.10) requirements was considered. For this 

plan and few of the above error pairs 00 curves were plotted 

and are shown in the Fig. 1 . The figure shows that, when we 

are using the plan with an erroneous inspection who is 

commiting type II errors i.e. e, = 0 0 p > n -t-in 

u.u, > 0, the probability 

Of acceptance Increases for all incoming quality levels. The 
same results are shown in Table 1. ais is explainable. The ' 
fnspector is erroneously classifying defectives as good and 
hence accepting the lot more often. At quality level p = 0, 
l.e. perfect incoming quality, there will be no defective ’ 
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present; and hence Pa = Pa = l 

fcen the Inspector is making type I errors, l.e., he 
Is classifying good items as def ectives ( e > 0, = 0), he 

will be rejecting more often and hence Pa^ will be less 
than Pa for all incoming quality levels . Ihis is shown 
both in Fig. 1 and in Table 1. Ihe probability of accep- 
tance at p - 0, is 1 in the absence of errors. But will 
less than 1 at p = 0, because few of good item will be 
classified incorrectly. Pa^ would never be 1 in presence 
Of type I errors. 


'from Pa, i.e. 


Table P^shows the percentage change in value of Pa^ 


X 100. It can be seen that the effect 


of type I error is more significant compared to that of 
type II error. As type I error is Incorrect classification 
Of good items, and usually we deal with low values of p (say 
P < 0.20) i.e. there are much more good items than defective 
one's, hence type I error effects are more significant. The 
effect Of type II error increases with increase in value of 
P. due to more number of defectives being present. Same is the 


case -with type I error 
at higher values of p, 
shown in Table 2. 


also, but because of low value of Pa 
the percentage change increases as 
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2.2.3 Average Outgoing Quality (AOQ) : 

The perfomance measure average outgoing quality (AOQ) 
is a useful measure when we have rectifying inspection. It 
is defined as, 

Expected number of defectives remaining 
AOQ = in the accepted lot after inspection 

iotal number of items in the ""accepted "lo^ 

If we assume perfect inspection with replacement of defective 

items, and rejected lots being put to 100 percent inspection, 

AOQ is given by [Duncan (5)], 

(N-n)p Pa 

AOQ = ^ (2.9) 

If we assume perfect inspection and defectives found being 
scrapped and not replaced, then AOQ is given by [Duncan ( 5 ) 2 , 

(N - n) p Pa 

AOQ = — — (2.10) 

N - np - (1 - Pa) (N - n) p 

Average outgoing quality expression is to be modified to 
account for the inspection errors. In case of perfect inspec- 
tion we had an implicit assumption that replacement items are 
not inspected, i.e, they are taken from a good lot. In case 
of erroneous inspection, we will however, relax this assump- 
tion and inspect the replacement items also. 

If n items have been sampled np vdll be the expected 
number of defectives present and np^ will be expected number 
of defectives observed. These np^ items have to be replaced, 
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by good items after inspection. Firstly n items will be 
inspected, followed by inspection of np^ replacement itenis, 
then np^" items will be inspected, and so on. Thus total 
number of items inspected for sample and for replacement 
item.s to replenish the sample is given by, 

O -y-v 

n + np + np + . . . = — — (2.11) 

■^e ^e 1“P^ 

•^e 

n 

If y ---. is the effective number of items inspected, the 

expected number of defectives which will erroneously ■ be 
classified as good and accepted, while inspecting th^s effec- 
tive sample can be given by, 


n 


1-P. 


pe. 


( 2 . 12 ) 


Similarily the rejected lot will be subjected to IQO percent 
inspection and hence N - n items will be inspected first. 


followed by the inspection of replacement items required to 
replenish the rejected portion of the lot. Hence, ejected 
number of defectives which will be classified as good in 
the inspection of rejected portion of lots and replacement 
items thereafter to replenish the rejected portion of lot, 
is given by, 


P®2 (2.13) 

■t'e • 

Expected number of defectives in the accepted portion of the lot 
is given by, 


(N - n) p Pa^ 


(2.14) 
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Hence we can get the expected total number of defec- 
tives in the finally accepted lot by adding the aboye three 
terms. The expected total number of defectives is given by. 


n pe^ p(N-n)(l-Pa ) e„ 

. p(N-n) Pa, * — 


(2.15) 


Then AOQ. with replacement in presence of errors is given by, 
0 


npe^ 

P^N-n) Pa^ + p 

Jr o 


(N-n)(l-Pa,,)e,, 


]/N 


npe^ + p(N-n) Pa^ (1-P«) + p(N-'n) (l-Pa.) e. 


N(l-Pg) 


( 2 . 16 ) 


AOQ without replacement in presence of errors is given by, 

npe, + p(N-n) Pa„ + p(N-n) (l-Pa )e., 

AOQ^ = ^ —2 — — — (2.17) 

N-npg - (N-n) (l-Pa^) p^ 

The above equation (2.17) is for idle case when rectify- 
ing inspection is done without replacement. In such a case 
no defective is introduced through replacement and there is 
no replenishment of lot size. 

The effect of inspection errors is illustrated in 
Tables 3 and 4, taking the same plan as considered before 
(N = 1000, n = 65 , c = 3 ) • Table 3 shows the AOQ values 
with replacement in the absence and presence of errors. 

Table 4 shows percentage change in AOQ values in the presence 
of errors from that with error free inspection i.e. 

AOQ^ ■- AOQ 
e 

AOQ 


X 100 
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PLAN (N = 1000, n =65, c = 2) 
(AQL=001, a = 005, RQL =008, ^ = 0-10) 



Fig. 2 Average outgoing quality in presence of inspection errors 
(Single sampling plan) 
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Figu^rs 2, shows the variation of AOQ versus incoining 
quality in absence of, and in presence of inspection errors, 
for the plan (N = 1000, n = 65, c = 2). The curves shown 
are for the case ^hen defective items are replaced. AOQ vhen 
defective items are replaced. AOQ curve is almost similar 
to one shown in case of no replacement. The values are, 
however, slightly different. The details can be had from 
[Case et al (23) ]* 

Incorrect classification of good items would reduce 
the AOQ, due to the fact that more screening in^^ection will 
take place. The major portion of defectives are contributed 
by the accepted lots which have certain probabili’ty of 
acceptance. In presence of type I error (e^ >0, e^ 0) 

probability of acceptance reduces and hence better outgoing 
quality is resulted. 

The incorrect classification of defective items has 
the effect of causing higher value of AOQ for all values of p. 
This is expected even intuitively because more defectives 
will noV be present in the finally accepted lots than in the 
case of perfect inspection. This will happen because of 
erroneous classification of defective items as good. 

'Ihere Is another interesting point, to be noted in 
the case of type II errors. Near the point where Pa^ is vgry 
small, the AOQ curve rises due to increased number of 
defectives being classified as good, as p increases. 
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Furthermore as p 1, AOQ 1 as a limit. Therefore, for 
any given sampling plan encompassing type II errors, conven- 
tional concept of AOQ is not meaningful. In the Tables 3 • 

and 4, and in Fig. 2, the results obtained are in accordance 
to explaination given above. 

2.2.4 Average Total Inspection ; 

Average total inspection represents the long run 
average of total items inspected per lot. Totalinspection inclu- 
des inspection required for replacement items for rectification. 
The average total inspection for the case -vdien defectives 
found are replaced by good itams and for the case vhen 
defectives found are not replaced and are j^st scrapped, in 
the presence of inspection errors is given by, 

n + (1 - Pa ) (N - n) 

ATI^ = — (with replacement) (2.18) 

ATI - n+(l-Pa) (N-n) (without replacoaent) 

(2.19) 

The effect of inspection errors on average total 

Inspection is illustrated in the Tables 5 and 6, Again the 

same sampling plan (N = 1000, n =* 65, c =* 3) is considered. 

The tables give the resulta for few representative values of 

incoming quality levels and several selected error pairs 

(ei* 02). Table 5 gives the ATI values for several error 

pairs at selected incoifling quality levels. Table 6 dives the 

ATI - ATI 

percentage change, i.e. —r? x 100 in the value of aTI 
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in the presence of errors from that in case of error-free 
inspection. Figure 3 shows variation of ATI values versus 
incoming quality levels for few of the error pairs, for the 
plan (N = 1000, n =65, c = 2). 

It can be seen from the tables 5 and 6 that, the 
effect of type I error is much more drastic as compared to 
that of type II errors. The ATI values given in T3.bles, and 
used for computing ATI curves are for the case men defec- 
tives found are replaced. It can be seen that ATI is fre- 
quently in excess of lot size both in the presence and in 
absence of inspection errors for high value of p. 

As intuitively expected, type I error and type II 
error have in general the effect of increasing or decreasing 
ATI respectively for any specified incoming quality. The 
policy of replacement or non replacement does not signifi- 
cantly affect the ATI. The distinguishing difference amongst 
the two is in the values of ATI as the fraction defective 
increases. Under a non replacement policy, it can be seen 
that as Ih 0, ATI_-*N. Thus, for large fraction defectives 
and for normal range of errors ATI^ equals lot size. In the 
case of rectification policy, when defectives found are 
replaced, it can be seen n^hen - 1, Pa^ 0 and that ATI 
increases without bound. 

It may be recalled at this stage, that, for the case of 
perfect inspection, with replacement of all defectives ATI is 
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given by, [Duncan (5)1, 

ATI = n + (N - n) (l - Pa) (2.20) 

In the above expression, it is implicitly assumed 
that replenishment items are not being inspected i.e. they 
are being taken from a lot of good items. If the replacement 
items required to replenish lot are inspected ATI expression 
will be modified as, 

n + (N - n) (1 - Pa) 

ATI* = ^ (2.21) 

If ATI values are computed by above equation for a specific 
plan, we will see idiat ATI ex:ceeds lot size at higher values 
of p (even in the absence of errors). 

2 . 3 ^alvsis and Design of Single Sampling Pl^ Based Upon 
(AQL, g). ' (RQL, B >' Requir^entss 1 

Analysis : ^ ^ 

Each single sartpling plan has, associated with it, an 
operating characteristics curve. The design of single san^ling 
plan is often based on two points on the theoretical 0,C. 
curve. These points may be denoted as Acceptable quality 
level, AQL and reject quality level RQL (also known as lot 
tolerance proportion defective (LTPD) . These are associated 
with the risk probabilities known as producers risk a and 
consumers risk p respectively. 
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^1— oc actual fraction defective considered 

to be an acceptable quality level and at 
which it is desirable to accept (l-ct) frac- 
tion of such lots. 

RQL (LTPD) = pp = The actual fraction defective considered to 

be a lot tolerance limit (Reject quality 
level) and at which it is desirable to have 
a p probability of accepting such a lot. 


Let us consider the points p^_^, and the development 
of a sampling plan assuming perfect inspection. If -Biis plan 
is used with erroneous Inspection the OC curve will shift as 
discussed in section 2.2.2. We may like to shift the OC 
curve up, in presence of type 1 error and down, in presence 
of type II errors so as two points still fall on the desired 
OC curve. In otherwords, we may force the observed OC curve 
(with Imperfect Inspector) to fit those two points. 

In order to actually attain levels aijd p„, it is 

only necessary to design the sampling plan based on p 

- . ’^e, 1— a 

which are given by. 


^e,lwx - Pi.^ “ Pl-a^ ®1 

RQL = -D _ y, /'i V . , (2.22) 

e Pe,p Pp (2. - -*■ (l - Pp) 


If the observed OC 
actual OC curve fits the 


curve fits Pe,p* ^^en the 

points and p^. The point to be 
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noted is that only two points are being forced to fit the 
desired curve, the rest of the obseirved OC curve will be 
still above the required curve (in case of type I error) or 
will be beloi'^ the desired curve (in presence of type II 
error) or may cross the curve in between AQL and RQL, if 
both errors are present. 


Design of Plan; 


A single sampling plan design-based on (A(aL,a), (RQL,p) 
requirement is done usually by explicit enumeration. The two 
decision variables required to be found are sample size, n ' 
and acceptance number c. The two points given above, give 
two relations which have to be satisfied. The relations to 
be satisfied are given by, (in essence of errors)’, 

Fa (AQL) ='' l^-a ^ 

and Pa (RQL) = § 


Let us represent p^_^ by p^ and p^ by p^ for simplicit; 
Then the above relations can be expressed mathematically as, 


x^ Pi" 


n-x 


^ O ^2^ (l-Pp) 
x=0 2 


n-x 


1-a 




( 2 . 23 ) 


The above equations can be solved cnly by explicit enumera- 
tion, iKDting that n and c ^e int^ei^. The above equations 
can be modified to account for infection errors as follows. 
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e 

I 

x^=0 

e 

e 

X 

Pie ® 

n-x 

d-Pie) " = 


c 

n 

X 

n-x 


Z 

X =0 

e 

(yr ) 

e 

Po ® 
^2e 

(1-P2e) ® = 


Pie = 

Pi 

“^ 2 ) + (1 - P^) 



(2.24) 


Ihe procedure adopted is based on Guenthers procedure. 
Hie procedure starts with minimum possible value of accep- 
tance number c. i.e. zero. It increases n by one at each 
Iteration until probability of acceptance at ROL falls 
telow p. For this set of c and n. it checks for AQL and a 
requirements. Ihe probability of acceptance at ACS. may fall 
below 1 . a and in such a case c is Increased by one and ' 
ep is repeated. Ihis procedure works systematically 

in direction of explicit enumeration and insures minimum n 
and c, 

^ Ihe procedure was originally used for poisson probabillt 
distribution. For the design of single sampling plan in 
P^sence of errors we have considered the Binomial probability 

was COd.«=>d in -Pn-mn -e 

X was coded xn form of a computer program and 

results obtained are given in *7 t 

gxven in lable 7. Single sampling plans 

for venous sets of (AOh, a). (Ro.. p) re^reients and several 

^rror pairs (e^^, e^) were determined. These sa.«>ling plans 

^ve infact oon5)ensated fpr tbe presence of inspection errors. 

ae raws 7 fcan be used tp stady the effect of inspection 

errors on sample size and acceptance number. ^ 
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SINGLE SAMPLIN 



In presence of t 3 ;pe II errors (e^ = 0, 62 > 0), It can 
be seen that Sample size increases for same c. Ihat is, we 
'//ill have to sample more and acceptance will be at the same c. 

In a way we are compensating for errors by allowing for 
defectives which are being erroneously classified as good 
(type II error). When we are accepting at acceptance number 
c, then infact we are accepting with actual number of defec- 
tives being less than or equal to c + 6,6 being number of 
defectives that might have been erroneously classified as 
good. Thus saii 5 )le size increases in presence of type II 
error, c does not change for practical range of quality, a and p . 

In presence of type I error, (e^ > 0, 62 = O.O) the 
whole plan gets modified. Both n and c are increased. But 
still the values of n and c show that in fact we are allowing 
for larger proportion of defectives for acceptance because 
some of good items will now be erroneously classified as 
defectives ( by pe I error). 

When both errors are present type I error is the 
dominating member because of already mentioned reasons. Hie 
plan gets modified with changed values of n and c. 

At this point it is interesting to 'recall that the plan 
depends tgion difference of p^ and p 2 and risk probabilities 
a and p. Lesser the difference between p^ and p 2 or lower 
the risk probabilities higher the sample size and the accep- 
tance numbers. Let us try to analyze the effect of errors on 
this aspect. 
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Case when is present. 

Pie = p^ (1 - e^) 

P2e = P2 (1 - ep 

^2e “ ^le ~ ^^2 " Pi)(l - e^) 
< Pp - Pi 

Case III? when e^ is present, 


Pie Pi ^ P"] ) ®2. 

P2e " P2 + (1 - P 2 ) 

^2e ~ Pie ~ ^Pp " Pi^ ■*■ (Pp ~ P 2 ) Sp 
= (P2 - Pp) (1 - e^) 

< P2 “ Pp 


Also one may check, 



< 



It can be seen both e^ and reduce the difference between 

apparent AOL and RQL and hence sample size and acceptance 

number will increase. In case of e^, the ratio RQLyAQL^ is 

less than ROL/AaL. It may lead to very high n and o which 

may require too large computational time or may be even 

aslble if n > h. (it means even 100 percent inspection 

will not satisfy the requirements with such an erroneous 
inspector) . 
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2.4 Analysis of Single Sampling Plan Based upon AOQL 
and ATI Requirements ; 

The design of single sampling plan based upon AOQL 
and ATI requirements can also be termed as semi-economic 
design. This tries, to have a plan -which will not let 
the average quality of accepted lots to fall below certain 
specified limit (AOQL) and will require minimum average total 
inspection. (Thus, this plan tries to minimize the expected 
inspection cost). 

Model Develo-pment Without Errors fPodge and Romig (3)1 ; 

The average outgoing quality AOQ, when inspection is 
error free is given by following expression, 

AOQ = p (with replacement) (2.25) 

where I = The average number of items inspected per lot. 

AOQL is the maximum value of AOQ that will result under any 
incoming quality for any sampling plan. ¥e are required to 
find that plan which will require minimum ATI at some speci- 
fied incoming quality. Let value of p for which maximum 
value of AOQ occurs is designated as p^^, hence, 

" Pm ¥ (2-26) 

The value of p^^ for which AOQ = AOQL can be determined by 
differentiating equation (2.25) with respect to p and equat- 
ing to zero, then solving it for p, 

dAOQ _ M 61 

dp ~ N ■” N dp 


0 


(2.27) 
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For a single sampling plan I is given by, 

I = n + (N-n)(l- Pa) 

For a Poisson distribution, 
c 

Pa = S 
x=0 


substituting value of P in Eq. (2.28), we get, 

0. 


(2.28) 



(2.29) 


c ^“pn 

n + (N-n)(l-E ^ 


x=0 


Li^nli) 

X { ' 


(2.30) 


Substituting value of I in AOQ expression of Eq. (2.25), 
we get, 


r . (pn)^ 

AOQ = [p(N - n) E ^ ]/N 

x=0 ^ 


(2.31) 


differentiating equation (2.31) with respect to p, we get, 


dAOQ 


N-n ^ e-P^ 


- 6"^^ (pn)^-*-^ . r 

XI Cl J u. 


c+1 


N 


x=0 


32) 


By equating Eq, (2.32) to zero and solving for p, we will get 

the value of p = p^, for which AOQ will be maximum (i.e. AOQL) 
Let, 

(2.33) 


where. 


Prv, 

■^m 



AOQL 

ii 

w = e-** 

^x=0 


II 

y = y C 

y = 

c 

w E 
x=0 

w^ 

X { 


(2.34) 


(2.35) 
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Solving Eq. (2.32) after equating to zero, we v/ill get, 


c 

V 


x=0 



XI 



0 


or 




Substituting value of y from Eqn. (2.35), we get, 


y 


e 


“W ,0+2 

w 

Ct 


(2.36) 


(2.37) 


The above expression provides a basis for determining 
the value of y corresponding to a specific c. The value of 
w can be found by Ne^vtons method of approximation on solving 
Eq. (2.36),corresponding y can be found by Eq. (2.37). Thus 
knowing y corresponding to a particular c we get value of n 
by Eq. (2,34). In this way for a selected value of c, we 
get n vmich will satisfy AuQL requirement. ¥e can find ATI 
at specified p for this plan. The viiole procedure can be 
repeated for c increased by one. ATI value now found can 
be compared with the one found before. This has to be 

repeated till we get a plan requiring miruLmum ATI [Dodge and 
Romig (3)]. 


The point to be noted in the above analysis that 
Poisson probability distribution has been used. The use of 
Binomial probability distribution will make the analysis more 
complex and we will need some heuristic to find a plan which 
will satisfy AOOL requirements and will require minimum ATI. 
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|4 Zsis. in the Presencp nr Errors g 

We knov/ that average outgoing quality (aOQ) and 
avex-age total inspection (ATI) are modified in the presence 
of errors to follo\\ring forms as given by Eqns. (2.16) and 
(2.18) respectively. 

AOQ = -f p(h-n) p ( N-n) (l-Pae ) 


‘N(l-pT 


_ n + (1 _ pa^) (N « n) 

^ ” Pe 

Both the equations are for the case vdien defectives found 
are replaced, with replacement items required to replenish 
the lot, being put inspection. In such a case the variation 
of AOQg versus p was shown, for various error pairs in 
Table 2 and Figure 3. For the plan considered before (W = lOOO 
n = 65, c = 3) and for error pairs (0.050, 0.100) and (0.025, 
0.200), the AOQ^ showed pattern as shown in the followirjg 
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The above set of error pairs have type I error as 
5 percent and 2.5 percent respectively. These values are 
not uncommon. For these error pairs, AOQ does not show any 
declix.,-- in the whole range of incoming quality. So the 
concept of AO<gL based design is not applicable here. 

^'e can consider the cases when in presence of errors 
AOQ^ shows pattern as in Fig. 5. In such a case it may be 
worth wnile to fina a plan vtiich will satisfy the requirements 
oi AOQL and ATI and the corresponding point p^. Point p^^ 
indicates that selected plan cannot limit the fraction defec- 
tive of outgoing lots if incoming quality exceeds p 


\ 


/// 



Incoming quality (p) ^ ^ 

rig. 5 s AOQ in the presence of typical error ^ 
pairs. 

If only type I errors are present then pattern same 
as curve 1 will be observed, m such a case one can develope 
a heuristic starting from a plan based ,clth error free assump- 

tron to satisfy AOQL and minimum ATI requirements even In the 

pr*es^nc0 of orrops. 
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If only type II errors are present or if both errors 
are nresent and AOQ^ shoves a pattern as curve 2 in Fig. 5 ? 
then again a heuristic can be developed v/hich vail yield 
a plan satisfying AOQL and minimum ATI requirements, until 
incoming quality is better than p . Beyond p there is 

JC A. 

again no control on outgoing quality. 


2.5 Economic 


S ingle Samnling Pla n? 


The treatment so far dealt with sampling plans designed 
on purely statistical measures. The effect of inspection 
errors on economics of a sampling plan will now be considered. 
Since economic designs are receiving wide spread popularity, 
it seems natural to investigate the effect of (e^, e^) on 
economics of these plans. Following is the approach suggested 
by Case et al (27). In addition to the notations already 
mentioned following notations v/ill be used. 


X = Actual number of defectives in the sample of size n, 

X = Actual number of defectives in the lot of size N. 

u = X-x = Number of defectives remaining in the 

uninspected portion of the lot 

Xg = Apparent number of defectives in the n items sampled. 

Ci = Cost of inspecting an item. 

Cj, = Cost of repair or rework of a defective item. 

Cg = Cost attributed to a defective item in an accepted lot. 

Worthram and Mogg (29) reported nine possible rectifica- 
tion policies, which can be considered in determining average 
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outgoing quality. Six of these poss3.bilities were used by 
Worthrajn and Wilson (28) in designing an optimal sequential 
sampling plan. We will consider only one of these possi~ 

other possibilities will however, not alter 
the analysis much. 

Sample and Lot Dispositions s 

The following are three sample dispositions and the 
three lot dispositions. These two sets combine together 
giving nine rectification policies. 

Sample s 

(i) Discard the entire sample 

(ii) Replace or repair all defectives found 
. (iii) Only enumerate defectives 

Rejected Lots ; 

(i) Discard the entire lot 

Inspect the rejected lot 100 percent and 
discard the defectives found 

(iii) Inspect the rejected lots 100 percent and 

replace, repair or rework all the defectives 
found 

We will consider (ii), (fii) policy for the sample and 
the rejected lots. ¥e will have 100 percent inspection of 
rejected lots and repair, replace or rework all defectives 
found both, in the sample and in the rejected lots. 
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Model Formulation Without Errors i 

For each of the above mentioned nine rectification 
policiesj there are t\'^o courses of actions, either to 
accept the lot or to reject it. The action to accept the 
lot is taken v’hen the mmnber of defectives x found in the 
sample of size n, is such that x ;< c, other^^^ise action to 
reject the lot is taken. In the design we seek, the values 
of decision variables n and c, in such a way, tuat minimizes 
the expected total cost of quality control per lot. Let, 

a^ = action of acceptance of lot 

8^2 ~ action of rejection of lot 

Ta^(n, x,u) = total cost of taking action a^^, 'vdaen after 
inspecting n items, x defectives have been 
found and u defectives are present in the 
uninspected portion of the lot 

For the sample and lot disposition policy (ii), (iii) 
we have, 


Ta-, = c n + c X + c u 
-1- 1 r a 

Ta^ = c. N+Cx + Cu 
■i 1 r r 

which can be written as, 

Ta.. = K. + C. u 

where and are constants not involving u. 
Expected total cost expression is given by, 


(n) 


E^ Min E Ta (n, x, u) 


( 2 . 38 ) 
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We seek to minimize the above cost expression. 

C^(n) = Min E [K^ + u] 

'*■ a _ 

= E^, Min [K. + a E(u/x) ] (2.39) 

-L 

a 

where, 

E(u/x) = Expected number of defectives remaining in 
the uninspected portion of lot given that 
X defectives are found in sami le of size n. 

Erom Eq. ( 2 , 39 ), it can be seen that optimal, decision 
would be to accept the lot if, 

E(u/x) < K 2 + C 2 E(u/x) (2.40) 

other'^ise optimal decision is to reject the lot. It has been 
found in many cases E(u/x) is a linear function of the number 
of defectives x, in the sample. In this case an expression 
0(.) satisfying the relation, given below, 

X = 0 (n, N, ^1* ^2* ^ (2.4l) 

can be found from Eq. (2.40) where denotes vector containing 
parameters of conditional distribution of the number of defec- 
tives in the uninspected portion of the lot h(u/x). In such 
a case the largest integer less than or equal to 0(.) will 
be the optimal choice for the acceptance number Once the 
acceptance number c has been obtained in terms of n, we can 
proceed to find the optimal sample size. Any standard integer 
search procedure can be used to find n which minimizes the 
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expected total cost equation given by, 

C*(n) = £ (K-, + C-, E.(u/x)) g (x) 

^ x=0 -L 

+ E (K^ -i- C E(u/x)) g^(x) (2,42) 

x=c+l 

where g^(x) is the unconditional distribution of the number 
of defectives x in the sample of size n. 

Distributional Considerations s 

Let, 

fj^(x) = Distribution of number of defectives X in 
the lot of size N. 

£^(x/X) - Distribution of defectives x, in the sample 

of size n, given X defectives in the lot. 

N-n+x I 

Sn^x) = E -:^(x/X).fjj(X) (2,43); 

X=x 


If sampling is conducted without replacement fj^(x/X) is 
hypergeometric, and is given by, 


f^(x/X) = f^ (x/x+u) 


(U) ^N-n^ 


( '') 

^x+u^ 


(2.44) 


N-n 

g„(x) = E f (x/x+u) f./x+u) 

u=0 ^ 


(2.45) 


By Bayes theorem, the distribution of the number of defectives 
u (remaining in the uninspected portion) given x (the number of 




defectives the sample) can be expressed as, 


f (x/u+x). f,ix+u) 

h(u/x) = 


h(u/x;) = 


(5 fj, (UH-X) 


( “ ) 




(2.46) 


V/orthram and Wilson (28) have shown that the expectation of u 
given Xj, E (u/x) can be expressed conveniently as, 


N-n 

E(u/x) = I u h(u/x 
u=0 


) = (N-n) 


(2.47) 

v/here denotes unconditional distribution of x+1 

defectives based on the sample of n+1 items. 


Hald (19) made an observations which can be used to 
simplify calculation of E(u/x). He notes that if prior dis- 
tribution fj^(X), is of hypergeometric, Binomial, Polya, rec- 
tangular or mixed Binomial families, then the unconditional 
distribution of x, g^ix) will also be of the same family as 
that of prior. This general property is termed as ■ reproduci- 
bility, For the case of reproducible distributions gjj(x) 
assumes the same form as fj^(X), the only difference being N 
and X are replaced by n and x. 


Let fj^(X) be Polya with parameters n and x , 

f JX) = (5 + S^l 

A f f ! rr^ 

n + N 


[ir f 


n' - x' 


(2.48) 


Then by the property of reproducibility. 
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/ s /Hn lx' + X In' + n 

gnU) = Q 


,X' 


i n' 


Substituting for gj^(x) and g^_^- (x+l) 


TP. 


(u/x) = (N ” n) 

(n' + n) 


For a fixed value of n we have from 


(2.49) 

~ x' j n’ + ri ’ 

in Eq. (2,47) s vre get, 

( 2 . 50 ) 

Eq. (2.40), 


c. n + c X 'r c E(u/x) < c. N 
1 r a ^ ~ 1 


? 

E(u/x) 




X + Or E(u/ x) 

(2.51) 


(N-n) 

X < 


(n + n) 

(n + n) 


< 


(N - n) 



(2.52) 


c - c 
a r 


The optimal acceptance number c can be given as the 
largest integer less than or equal to right hand side of 


Eq. (2.52), 

c. (n + nj 

c = [ x'] (2.53) 

(Ca - cp 

Model Formulation With Errors ; 


Let us now consider the situation when type I and 
type II errors are present in the inspection process. Expeqcted 
number of the defectives observed in the sample of 
size n, will be given by. 
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Xg = (n - x) + x(l ~ €2) 


= n 

+ x(l - 

ei - 

= n 

e^ + X e 

( 2 . 54 ) 

where, e = 1 

“ ®1 “ ®2 

= Probability of classifying an 

item correctly c 


Let Ta-, and Ta2 Le the costs of taking actions of accepting 
the lot and rejecting the lot respectively. 


Ta-, = c.n + c^ x^. + c^ x + c^ u ( 2 . 55 ) 

X JL X G cl ci 

where s 

c^ n = Inspection cost 

c^ x^ = Repair cost of repairing x^ number of observed 
defectives 

X 62 = Expected number of defectives classified as 

good in sample. 

Ca X e2= Cost of accepting defectives classified as 
good in the sample 

Ca u = Cost of accepting the defectives u present 
in the uninspected portion of lot, 

Ta"2 = ^i N + c^ Xa + Ca x 62 + Ca u 62 ( 2 * 56 ) 

Here the rejected portion of lot is subjected to 
100 percent inspection so out of u defectives present, 
u 62 are classified as good on an average and accepted. Hence 
the cost Ca u 62* The other terms are same as before. The 
above equations can be written in terms of x and u as follows? 
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ml 

±cii 

- ( c . + c e, ) 

1 r 1"^ 

n^+(c e+c e^)x-fc_u 
j. r a a 



(2.57) 

C\J 

J_ JL ± 

K + (c^ e c^ e^) x + (c^e + c^ e 2 )u 


Again, Ta^ = + c' u 


v/here and are independent of u. The expected total 
cost is given by, 


f \ 

min; 


= n,. 


X Vx " ^i 


E^- Min [ + a' E(u/x) ] 


E [K^ + C ' E (u/x)) g (x) 
x=0 . n 

+ E [k' + c' E(u/x)] g (x) 
x=c'+l ^ ^ 


(2.58) 


The value of maj^ be analogously obtained, is the 
largest integer less than or equal to 0(,) where 0 (.) is 
defined as, 

X <_ 0 ( n, N, , K 2 , 9 } ( 2 . 59 ) 

x^ and not x is the number of defectives the inspector observes. 
Thus when inspection errors are present, c is found by replacing 
X in equation (2.59), by x 

0 

i ^ (2.60) 

Therefore acceptance number supplied to erixmeous inspector 
is simply the largest integer less than or equal to the right 
hand side of Eq. (2.60). 
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In the presence of errors solving for E(u/x)j we will get, 
('^i e^) (n' + n) 


< [ 


- X’] 


(c. (1 




( 2 , 61 ) 


Thus when inspection error is present c’ is the largest integer 
less than or equal to right hand side of the eq.(2,6l) Then 
acceptance number c is the largest- integer less than or equal 

the quantity 0e + n e^ vdiere 0 is expression on right hand 
side of Eq. (2.61). 


itoierical Example s 

A numerical problem was solved. Following are the inp-uts 
taken ^rom Collins et al (25). The results were computed for a' 

couple of error pairs and hence the complete results shown are 
from Collins et al (25). 

= 2.00 
= 1.90 
c„ = 40.00 

X = 3 . 

n = 60 

N = 1000 

Is jg ien errors are not present ? 

Ta^ = u 

Ta 2 = K 2 + 0^ u i 

Ki = c n + c X, = c > 

^ la 

K 2 = N + C^ X, ^2 = 0^ 
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Substituting •various values in Eq. (2.53), for a particular 
value of n we get c as, 


r - r 1 71 -j 

For this plan expected total cost was computed from Eq. (2.42). 
The optimal plan was obtained by using a search procedure with 
a step size, which can be adjusted. The following results were 
obtained. 

Optimum sample size n = 122 

Optimum acceptance number c = 6 

Expected total cost per lot = 1745.61 

This optim^ plan is based on the assumption of perfect inspec- 
tion. To have an idea of how this plan will bdiave in presence 
of errors few error pairs was considered. Let be defined 
as percentage error caused by using the optimal plan (found 
on basis of assumption of perfect inspection) vdien error is 


present. 



X 100 


( 2 . 62 ) 


C,pg = Expected total cost of above plan #ien error 
are present. 

The next step was to find an optimal sampling plan when 
errors are accounted for. The optimal plans were found for each 
error pair in the similar way as in the case error free inspec- 
tion. Let the expected total cost of the optimal sampling plan 
when inspection errors are present be represented by . Let 
A 2 be defined as. 
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^2 



xlOO 


(2.63) 


This is a measure of increase in the cost as percentage of 


the cost of optimal plan (with error free inspection) . In a 
way this is the cost penalty of not using the information 
that inspection errors are present. There is another measure 
defined as, 


A 


3 



X 100 


(2.65) 


we 

This measure gives an idea of increase in the cost if/ do not 
use the optimal plan (found after accoimting for errors) 
and instead use the plan (found with error free assumption). 


The optimal sampling plans in the presence of error 
ace given in Table 9. A^, ^ and a^ are given for various 

error pairs in Tables 8, 9 and 10 respectively. 

Optimal plan with error-free assumption, n = 122, c = 6 
Optimal expected cost = 1745.61 


Table 8s Expected cost of the optimal sampling plan 
(n = 122, 6) for selected error pairs. 


Error pairs 
( e^^ , e^) 

Expected total cost 
^TE 

Percentage 
error ^ 

(0.00, 0,00) 

1745.61 

0.00 

(0.00, 0.05) 

1795.11 

2.84 

(0.00, 0.15) 

1878.33 

7.60 

(0.03, 0.00) 

1927.05 

10.39 

(0.03, 0.05) 

1996,83 

14.39 

(0.03, 0.15) 

2126..08 

21.80 

(0.10, 0.00) 

2271.10 

30.10 

(0.10, 0.05) 

2365.19 

35.49 

(0.10, 0.15) 

2553.28 

46.27 
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Table 9s Optimal sampling plans for selected error pairs. 


Error-pair 

Optimal plan 
(n, c) 

Expected 
total cost 

Percentage 

error 

A 2 

(0,00, 0.00) 

(122, 6) 

1745.61 

0.00 

(0.00, 0.05) 

(132, 7) 

1793.92 

2,77 

(0.00, 0.15) 

(180, 11) 

1865.40 

6,^§ 

(0.03, 0.05) 

(143, 12) 

1794.68 

2.81 

(0.03, 0.15) 

(200, 19) 

1837.50 

5.25 

(0.03, 0.15) 

(200, 19) 

1898.29 

8,74 

(0,10, 0.00) 

147, 24) 

1883.14 

7,88 

(0.10, 0.05) 

(160, 27) 

1915.57 

8,74 

(0.10, 0.15) 

(200, 35) 

1953.20 

11,89 


T 


Table 10 s Percentage error realized by using plan 
(n = 122, e = 6) instead of optimal plan 
when inspection error is present. 


Error pairs 

(ei, 62 ) 

Expected Total Cost 



Percentage 

error 

A 3 

( 0 . 00 , 0 . 00 ) 

1745.61 

1745.61 

0.00 

( 0 . 00 , 0 . 05 ) 

1795.11 

1793.92 

0.07 

(0.00, 0.15) 

1878.33 

1865.40 

0.69 

(0.03, 0,00) 

1927.05 

1794.68 

7.37 

( 0 . 03 , 0.05) 

1996.83 

1837.50 

8.68 

(0.03, 0.15) 

2126.08 

1898.29 

11.99 

(0,10, 0.00) 

2271.10 

1883.14 

20.60 

(0.10, 0.05) 

2365.19 

1915.57 

23,47 

(0.10, 0.15) 

2553.28 

1953.20 

30.72 
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Tables 8, 9 and 10 have been taken from Collins et al 
(25). and are measures of cost effects of the 

errors, a^ is the cost penalty of not having the infonna- 
tion that inspection errors are present. A2 is the cost 
penalty because of the presence of errors. A^ is the cost 
penalty of not using the information that the inspection 
errors are present. 

The results indicate that costs introduced through 
realistic errors in the inspection process can be appreciable. 
This indicates that some non trivial amount of money spent 
to in^jrove inspection performance may be worthwhile. 

In the above analysis it may be noted that, in the 
presence of errors, only random variable used in defectives 
present and not the defectives observed. To account for 
errors acceptance number c modified to equivalent expected 
acceptance number cl This has worked out well in the present 
example and has not affected the results adversely, however 
the same pattern cannot be guaranteed in all cases. The 
exact analysis in the presence of errors is presented in the 
next chapter for the double sampling plan. The first saii5)le 
of the double sanple corresponds to the case of single sampl- 
ing aM hence in the case of single sampling the analysis will 
be similar to that in case of first sample of the double 
sampling plan. 
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2.6 Conclusions ; 

iliis chapter was devoted to an extensive study and 
analysis of effect of inspection errors on single sampling 
plan. A final over view is justified to recapitulate the 
important points. 

1. The distribution of observed defectives also follows 
Binomial distribution (n, p^) if actual defectives follov/ 
Binomial distribution (n, p) . 

2. In the presence of type II errors, apparent incoming 
quality is better where as in the presence of type I errors 
it is worse. 

3. For a given sijigle sampling plan the probability of 
acceptance increases in the presence of type II errors and 
decreases in the presence of t37pe I errors. 

4. The effect of type I errors on probability of acceptance 
is more profound because we usually deal with good quality i.e. 
p < G.20 or so. This means on an average 80 percent of items 
are good. Type I error will lead to classification of some of 
■tdiese incorrectly. 

5. The effect of e^ is to improve outgoing quality whereas 
€2 not only increases average outgoing quality, it also 
changes the shape of AO Q curve. 

6. Average total inspection increases in presence of 
type I error and decreases in the presence of -type II error. 
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7. Conventional concept of designing a plan based on 
AOQL and ATI is not useful in the presence of -type II errors. 

8. The AOISL and minimum ATI based design may however be 
carried out if either only e^ or is present or the combi- 
nation of errors is such that it does not lead to a continuously 
increasing AOQ curve. 

9. Ihe economic effects of: e^ and e^ do more than, just 
showing the adverse effects of inspection errors. Tne effects 

justify a need to work for incorporating the inspection errors 
in quality control models. 



CHAPTER III 



INa’ECTION ERRORS AND DOUBLE SAMPLING PLAN 


3.1 Introduction s 


n- 


r r A double; sampling plan is designated by five numbers 
.2,,. .n2> , ©2 and c^. being less than,C2 a:E|d C2 being 


less than or equal tP c^. The plan - to follows; A sample 

of si^e n^ is drawn from the lot, and ■ inspect ed. If the number 
of defeGtives .found is c^^ or less the lot is immediately 
accepted. If number of defectives found is C2 or more the 
lot is immediately . rejected. If number of defectives is more 
than but , less than 1C2, a secord. sample of size n2 is drawn 
and inspected. If in the combined sample there are c^ or less 
defectives, the lot is accepted otherwise it is rejected. 
Frequently C2 is taken equal to c^. In the fdllowing sections 
we will be considering plans of this simpler ■■•type (c^ = C2), . 
Ikjuble .sampling plan will thus be represented by four nimibers 
n^, n2, Cj^ and 02* 


In this chapter, we will consider 'the effect of inspec- 
tion errors on various performance measures of a double sampling 
plan sudti as probability of acceptance, average sample number 
etc. Rir'ther we will atten^jt to devise a procedure to compensate 
for errors present, while designing a double sampling plan, we 
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will then analyze the AOOL and ATI based design in presence 
of errors. Finally a model will be presented to analyze the eco- 
nomic effects of inspection errors on double sampling plan. 

3.2 Effect of Errors on Some Performance Measures ? 

3.2.1 Apparent Incoming Quality s 

Similar to the case of single sampling plan, the 
erroneous inspector observes apparent incoming quality p^ 
instead of true incoming quality p. This is due to his ten- 
dency of making type I and t 3 rpe .II errors. The apparent 
incoming quality is given by Eq. (2.1) as, 

Pg = P (1 - © 2 ) + (1 - p) e^ 

with usual notations (introduced in Chapter 11). 


3 . 2,2 Pirobabilitv of Acceptance; 


In case of a double sampling plan we have two proba- 
bilities of acceptance, one for acceptance on the first sample 
and another for acceptance on the second san^jle. The two ape 
easil 3 r obtained by replacing p by p^ in equations for Pa without 
errors given in Duncan (5). 


Pa^ probability of acceptance on first sample is given 


by, 


1 14 X- 

Pai = Z (/) p 1 (1 - p) ^ 1 

x^=0 n 

In presence of errors Eq. (3,1) can be written as, 


(3.1) 
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Pa 


le 


x^e=0 ^le 






X-, (1 - pj (3.2) 


Similarly probability of rejection in presence of and in 
absence of errors on first sample is given by, respectively 

n^-xi 


"2 n^ X. 


= 1 - S ih (1 « p) 

x^=0 ^1 


(3.3) 


Pr. 


O' > P 


^le 


^-^le 


“ * \;=0 ^-le^ "e (1 - p^) (3.4) 

Probability of acceptance on the second sample is given by, 

A-^1 


Pa, 


’^2“^ n, X-, 

i: (h p ^ (i-p) 

Xi=Ci+l 1 


Pa 


2e 


^2'”^1 

x„ 

>. I 

X2=0 

i^l) p 2 (1-p) 

c„-l 

E 

A ) 

"le 

C2-Xie 


. E 

(x^ ) Pe (1' 

^2e ® 

X2e=0 


^2”^2 


(3.5) 


,^2-^-2e 


(3.6) 


Ihe probability of rejection on second sample is given by, 


Pr2 = 1 - Pa^ - Pag - Pr^ 

(3.7) 


(3.8) 


Finally total probability of acceptance and rejection i 
given by, 
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P^e 



Pre 

= Pr,^-f 



( 3 . 9 ) 

( 3 . 10 ) 


To study the effect of inspection errors on Pa a 
typical double sampling plan (N = 1000, n^ = 3'^> c^ = 3j 

= 19, = 5) found for (AQL = 0,04, a = 0.05), (R<X = 0*20, 

P = 0,10) requirements was considered. For this plan and few 
representative error pairs probability of acceptance was 
computed at selected incoming quality levels. The results are 
illustrated in Tables 11 and 12. Table 11 gives the probabi- 
lity of acceptance (total) in presence of errors. Table 12 

shows the percentage change of probability of acceptance from 

.Pa Pa 


that with error-free inspection i.e. — x 100. Fig, 6 
shows the effect of errors on the OC curve. Another plan 
(N = 1000, n^ = 70, c^ = 1, = 59, O 2 - 3) found for (ACL = 0, 

a = 0,05), (RQL = 0.07, p = 0.05) requirements is considered, 

A few representative error pairs are considered. 


Tables 11 and 12 and the Fig. 6 show the similar 
effects as in case of single sampling plan. Probability of 
acceptance increases in presence of type II errors due to 
erroneous classification of defective items as good. The effect 
is more at hi^er value of p because the number of defectives 
present which can be erroneously classified is higher. The 
effect of type I errors is also similar to the case of single 


saii5>ling plan, Pa^ is less than Pa because of incorrect 
classification of good items. 
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Fig. 6 OC Curve in presence of inspection 
errors (Double sampling plan) 
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3* 2. 3 Average Outgoinii Quality (AOQ) . 

Average outgoing quality is a useful measure with 
rectifying inspection. We have nine possible rectification 
policies given by Worthram and Mogg (27). These policies 
include three different lot dispositions and three sample 
disposition as discussed in Chapter II. ¥e will consider 
two of the rectification policies s 

1. Defectives found both in the sample and in the 
rejected lots which are subjected to 100 percent 
inspection are not replaced. 

2. Defectives found both in the sample and in the 
rejected lots which are put to 100 percent inspection 
are replaced by good items. 

Average outgoing quality for the above two rectification poli- 
cies in absence of errx)r is given by [Duncan (5)]. 

Case li Rectification Without Replacement ; 

In case of policy of rectification \dien defectives 
found are not replaced but scrapped, AOQ is given by, 

AOQ = ~ - n^)] P . 

N - n^p - Pr^ (N - n^)p - n2p(l - Pa^-Pr^) -p(N-n2-r^) 

Pr2 

(3.11) 

where, n^p = Expected number of defectives removed in the 

first sample 
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n 2 P (l— Pa^-Pr^) = Expected number of defectives removed 

in second sample if one is drawn. 
pCN-n^^) Pr^ = Expected number of defectives removed 

if lot is reoected on the first sample 
and is inspected 100 percent. 


The other terms are self explanatory. 
Case II s Rectification with Replacgnent s 


AOQ is 


AOQ = 


given by, 

[(N — n^) Pa^ + (N - n^ — n2) Pa2] p 

_ N 


( 3 . 12 ) 


In expressions (3.11) and (3.12) have to be modified to take 
into account the presence of errors. Let us consider the ways, 
by which defectives can appear in the finally accepted lot. 


The expected number of defectives remaining in the 
uninspected portion of a lot, accepted on first or second 
sample is given by A^ and A 2 respectively, 

= p (W - n^) Pa3_g 

A 2 = p (N - n^ _ n2) Pa2e 


The expected number of defectives classified as good in first 
and second sample is given by and B 2 respectively, 

\ P 

®2 = ^2 P ®2 P^le “ P^le> 


(3.14) 
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The e^jpected number of defectives introduced through replace- 
ment items required to replenish the first and second sample 
is given by and respectively. 




^ Pe 


pe. 




pe^ (1 - Pa3_g - Pr^g) 


( 3 . 15 ) 


Thus expected number of defectives introduced through first 
and second sanple through inspection of samples and replacement 
parts to replenish the samples is given by and respec- 
tively (D^ = + C^). 


D. 


D, 


n^ pe2 


(3.16) 


(1 - Paj_g - Prj_^ 


Similarly the expected number of defectives introduced through 
inspection of rejected lot on first or second sample, and the 
replacement items to replenish the lot is given by and E 2 
respectively, 

(N - n^) p 

(3.17) 

(N - n^ - n2) pe2 


% 


E, 


1 “ P. 


Pr 


2e 


Note that in the above analysis, it has been assumed that the 


replacement items are also inspected. Let us now consider the 
two rectification policies. 
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Case Is Defectives found in sample and screened lot not 
replaced. 

Total expected number of defectives Zd^ in the finally 
accepted lot from the above equations, (denominator (l-Pg) 
will not be present because there is no replacsnent) . 

Zd^ = + n^peg 

+ p(N-n^~n2) + p(N-n^)e2 

+ p(N-n^-n2) 02 Pr2g (3.18) 

Expected total number of items Z^ in the finally accepted lot 
is given by. 


Zn = p^ - njPg Cl-Paj^^ - Prj^g) - Pg(»-nj_) Prj,, 


- Pe (N-P 1 -P 2 ) PP2e 


(3.19) 


AOQ^is then given by. 


Zd. 


AOQ. 


1 

'n 


( 3 . 20 ) 


Case 2 s Defectives found in the saii 5 )le and in the screened 
portion of lot are replaced. 

Total expected number of defectives Zd 2 in the finally 
accepted lot from Eq. (3.13), (3.16), and (3.17) is given by, 

n., pe^ pe^ 

“2 = ^3:^ " 4 :r|; (1 - - pr^^) 


+ p(N - n^) Pa^^ + p(N - n^ - n2) Pa2g 

p(N-n^-n2) 02 


(N~n.)ep 

+ P i ", p- + 


1 “ P. 


Pr2e 


( 3 . 21 ) 
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AOQg is then given by, 

AOQ^ = — ^ (3*22) 

e N 

To illustrate the effect of inspection errors on AOQ, 
Case 2 i.e. rectification policy with replacenent is consi- 
dered. A typical double sampling plan (N = 1000, - 34, 

c^ = 3s n2 = 19, C2 = 5) is considered. Table 13 gives 
value of AOQ for selected incoming quality levels and several 
error pairs. Table 14 shows the percentage change in AOQ i.e. 
[(A0Q^-A0Q)/A0Q] 100. The values in Tables 13 and 14 show a 
pattern similar to that in the case of single sampling plan. 
■Fig. 7 shows the AOQ curve versus incoming quality. The 
curves are plotted for plan (N = 1000, n = 70, c^ = 1, n2 =59, 
O 2 = 3) and for few representative error pairs. 

Type II error increases the AOQ values because defec- 
tives are being erroneously classified as good and are being 
accepted. The shape ’of th<e' curve Is' ^[teas in -the case of single 
sampling plan. Type I error has an effect of reducing AOQ 
values for all incoming quality levels. The combined effect 
in presence of both errors, is more significant. The AOQ may be 
continuously rising for few typical error pairs. 

2.2.4 Average Sample Mmiber s 

In case of a single sampling plan the sample size is 

£i.xed« But in doid>le sanpltxig plan "ttie total size of s£BBple 

to be inspected is not fixed. It depends upon whether the 
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Fig. 7 Average outgoing quality in presence of 

inspection errors ( Double sampling plan) 
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second sample is taken, which in turn depends upon incoming 
quality. Besides OC curve a double sampling has an average 
sample number (ASN) curve. ASN in absence of inspection 
errors is given by [Duncan (5)]. 

ASN = n^ + n2 (1 -Fa^ - Pr^) (3.23) 

In presence of errors Eq. (3.23) can be modified as? 

ASNg = n^ + n2 (1 - - Pr^^) (3.24) 

To illustrate the effect of inspection errors same plan 
(N =1000, n^ = 34, c^ =3, ^2 ~ ^2 ~ considered. 

For this plan and selected values of incoming qu5p.ity, various 
error pairs were considered and ASN^ was computed. The results 
are shown in Tables 15 and I6, Table 15 shows the ASN^ values 
and Table 16 shows the percentage change from that with per- 
fect inspection i.e. [(ASNg-ASN)/ASN] 100. The point to be 
noted is ASN^ is computed assuming no curtailment of inspec- 
tion. ASN depends upon Paj^ as well as Pr;j_g (Eq. 3.24). 

In presence of Type II errors, Pa^e ceases and Prq^g decreases. 
Reverse is the effect in case of type I error. The two effects 
together determine the change in ASN. Hence the percentage 
change shown in Table 16 for type II error, is boi'.i negative 
and positive at different incoming quality levels. The Fig. 8 
also shows the variation of ASN with incoming quaD.itj^ for a 
typical plan (N = 1000, n^ = 70, c^ = 1, n2 = 59, =3) 

for few representative error pairs. 
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Average total inspection in the presence of inspection 
errors for the two rectification policies considered in 
Sec. 2.2,3 is given hy, 


ATI^ = - "2 (1 - - Pr^^) + (N - 

+ (N - - iij) Pr^g (3.25) 
Eq. (3.25) is for the case of rectification witbout replace- 
ment. All the terms on right hand side are self explanatory. 
In case of rectification with replacement ATI^ is given by, 


ATI^ 

e 





(3.26) 


To illustrate the effect of inspection errors on ATI, same 
plan is considered (N = 1000, n^ = 34, Cj =3, - 19, =5). 

The rectification policy v/ith replacement is assumed. The 
Tables 17 and 18 illustrate the effect of inspecti on errors 
on ATI, Table 17 shows ATI^ values at selected incoming quality 
levels for various error pairs. The Table 18 shows the percen- 
tage change i.e. [(ATI -ATI)/ ATI] 100. The results are similar 
to the case of single sampling plan. ATI increaser in presence 
of type I errors and. decreases in presence of type II errors. 
Rectification with replacement and replacement items being 
inspected may frequently lead to ATI values greater than the 


lot size. 
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Average total Inspection (ATI) 


65 



000 003 0-06 0-09 , 0-12 0-15 048 


Incoming quality (p) 

Fig. 9 Average total inspection in pres ence of inspection 
errors (Double sampling plan) 
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ATI value also depend on probability of acceptance 
Pa^e» ^^ 2 e probability of rejection 

percentage change is therefore maximum at seme intemediate 
incoming quality level. The Fig. 9 shows the variation of 
average total inspection in presence of errors v^ith incoming 
quality. Few representative error pairs are considered. 


3.3 Design of Double Samoling Plan Based Unon (AQJ^. a' 
( R^, g ) Requirement^ ' - 


It may be recalled that a double sampling plan is 
characterized by four numbers n^, c^, n^ and 62 ? The require- 
ments (AQL, a), (RQL, P) lead to two equations in these four 
decision variables. (The exact solution, is not possible even 
in case of two decision variables assflosnfor a single sampling 
plan) . Therefore, design for a double sampling plan is an 
open one with lot of subjectivity involved. We can have a 
large set of double sampling plans, all of whi^h will satisfy 
(Ad, a), (Rd, p) requirements. But to ‘analyze the effect 
of inspection errors we will again use Guenther^ s pi ocedure. 
Following are the guide lines to design the doub?.e sampling 
plan based upon Guenther's procedure [Guenther ( 36 )]. 

1. For a given (AQL, a), (ROL, p) find a single sampling 
plan (n, c), 

2. Select any value of C 2 ^ c, where c is the acceptance 
number for single sampling plan found in St^ 1 . 

Select aror value of c^, such -that 0 <_ c^^ < c. 


3 
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4. For the chosen in Step 3, find such that proba- 
bility of acceptance at AQL is less than but nearly 

1 - a. (Note that the phrase 'less than but nearly' 
will bring subjectivity in the design procedure). 

5. Check if for n^ and c^ found in Step 4, probability 
of acceptance is less than but nearly p . If not 
increase c^ by 1 and go to Step 4. 

6. For the set of n^ and c^ obtained in Step 6, choose 
C 2 such that C 2 > Cji^ + 1. 

7. For the value of C 2 » find n 2 such that probability 
of acceptance (on second sample n 2 provided one is 
taken) at A<2L satisfies the difference between 1 -a 
and the probability of acceptance on first san^jle, 
which was left uncovered in Step 4. 

8. For the set n 2 and C 2 , check if the probability of 
acceptance on the second sample at ROL satisfies the 
difference between p and the probability of acceptance 
on first san^le which was left uncovered in step 5. 

If difference left uncovered is satisfied stop, 

else increase C 2 by 1 ani go to Step 7. 

The probability of taking second sample, if the number 
of defectives found in the first sample is between c^ and 02 * 
(c^ < < C 2 ) can be easily founi knowing nj_, c^, C 2 for 

all suitable values of (This is required in Step 7). 
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Design in Presence of Errors s 

Similar to the analysis done in the case of single 
sampling plan, ASL and RQL (will be termed as p^ and p^ res- 
pectively for simplicity) are modified in presence of errors 
as follows ; 


Pie = Pi (1 - Oj) + (1 - Pi) ei 
^2e "" P2 “ ^2^ + (1 - P^) 


( 3 . 27 ) 


For a given set of (pj^^^oc) and (p2, p) in presence of error 
pair (e^, e^) the equivalent set will be (p^^g* ^)f ^P2e» 

The Guenther fs procedure is then used to find double sampling 
plan corresponding to equivalent set. If the plan so obtained 
is used with erroneous inspect'or: , the observed OC curve will 
fit the required points (AQL, a)j (RQL, p) or (p^jO), (P2»P)" 
The rest of the observed OC curve (OC curve with erroneous 
inspector) may still fall above, below or may cross the 
desired OC curve at some third point between p^ and P2. 


Table* 19 shows Double sampling plans deteimined by the 
above procedure for few sets of (AQL, a), (RQL, p ) requirements 
and various error^pairs (e^, 62). A notable observation is 
that the type I. error significantly affects the plan. It 
changes n^, ^2* ^ 1 * ^2 effect of type II errors is, 
however, oust a slight increase in n^ and/or n2 keeping c^ 
and C2 ■unaffected, for a practical range of incoming quality 
and reasonable requirements on the plan. 



AbPdft=').0b,3S’I5 = a. 1 a Hlu/U'U. 
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The design procedure by Guenther ( 36 ) is not very 
effective. It does not give the plan "vdiich satisfies the 
requirements to a close approximation. A better v/ay would 
be to have an adaptive procedure but the effort required 
in that case would be much more. Moreover, for purpose of 
comparison Guenther's procedure can be used. 

3.4 Analysis of Double Sam-plinp; Plan Based on AOCfl^ and ATI 
Requirements t 

It was shown in Sec. 3.2.3, how AO Q varies in the 
presence of errors. For a double sampling plan in presence 
of type I error AOQ decreases for all incoming qualit 3 .’' levels. 
However, a plan designed on the basis of AOQL aixi minimum ATI 
with assximption of perfect inspection will not be satisfactory 
as ATI^ will be much higher ^in presence of type I errors. 
Similarly with type II eriors the ATI^ wc'old be less than ATI 
but AOQ^ will be more than AOQ. The shape of AOQ^ is also 
significantly different in presence of type II errors. However, 
one can design the plan thatwould limit the AOQ to certain 
AOQL provided incoming quality is not worse than say p . Then 
plan de’sign would also include determination of this point p„. 
In most of the practical situations both types of error will 
be present and the curve may not show any decline for the whole 
range of incoming quality (Sec. 3.2.3, Fig. 7). 

Ihus in the presence of inspection errors AOQL based 
design is reccomended if l) only type I errors are present. 
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2 ) only t3npe II errors are present, 3 ) "both type I and type II 
errors are present but AOQ curve is not continuously rising 
one. The condition 3 ) can be ascertained for a plan designed 
with the assumption of error free inspection. In all three 
cases suitable heuristic methods can be developed to design a 
suitable plan. 

3.5 Economic Analysis of a Double Sampling Plan s 

In the previous section we studied the effects of 
inspection errors on statistical measures of a double sampl- 
ing. Let us now attempt to analyze the effect of infection 
errors on the economics of a double sampling plan. A double 
sampling plan is characterized by four numbers n^, c^, n2 and 
02* Let the size of the lot be denoted by N, The plan proceeds 
as follows. 

From the lot of size N take a sample of size n^. Let 
be number of defectives found -in n^. Then if 
x^ < c^ accept the lot 

^1 ~ ^2 reje ct the lot 

ci ^ another sample of size n2- 

Let X2 be the number of defectives found in the second saii5)le 
then if, 

Xf + X2 £ C2 accept the lot 

otherwise reject 

Further let c^, c^ and c^ be cost of inspection, cost 
of repair and cost of acceptance of a defective, described 



92 


as in Chapter ll. Usually in case of sampling plans, we assume 
Binomial distribution for number of defectives in the sample 
along with Binomial sampling. For the case of economic analy- 
sis Binomial distribution of defectives is not suitable 
because in that case we have incoming quality p as a parameter. 
We will assume p, the probability of obtaining a defective as 
Beta distributed for Beta assumes various shapes depending 
upon the parameters. 

Model Development Without Errors ; 

In absence of errors the various costs are as follows. 

The cost of acceptance on the first sample Ca^ is given by, 

Cai = (X -^) if 

where, 

X - Wumber of the defectives in the lot of size N. 

Ci n^- Cost of inspecting n^ itaas 
Cj, Cost of repair of defectives found 
X - x^- Number of defectives going in the uninspected 
portion 

Cg^(X-x^)- Cost of accepting the defectives. 

Let, X - x^ = u^ 

Ca^ = c. (3.28) 

Similarly cost of rejection on the first sample, Cr^ is given by, 
Cri = c^ N + Cr Xi + c^ u^^ > c^ (3.29) 
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We go t:: second sample if < c^. 

Cost of acceptance Cap and cost of rejection Crp on the 
second sample are given by. 


Cap 

- c^ n^ 4. Hp + x^ + c^ Xp 


- Xp). 

(V) 

~ ^2* 



Caj 

= n^ + c^ Hp + Cp + c^ Xp 

-{• C^ 

a 2 

(3.30) 

erg 

= N + X3_ c^ Xp + u 


(3.31) 


Then based on the above cost terms the expected total cost 
E(TC) is given by. 


E(TC) = Z + C. 

X. 


■where. 


,0 '■'ll ^ bl E (Ui/xp) 


"1 


^1~C2 

Oj-l Og-Xj^ 

+ z 

^^=c^+l Xp=0 


+ Z 


[ 2 (Kp^ + Cp^ E (Up/xp, A)) g^ (Xp/A) 


Xp=cp-xi..l^^22 ^ Cp2 E(up/xp, A)) g^^Cxp/A) ] .g^^ (x^) 

(3.32) 


^11 

= ^i 


^11 

= c 

a 


%2 

== c. 

X 

N ■ 

Cip 

C 

r 



+ x^ 


'r ^1 
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K 


21 

"21 

^22 

"22 


G • n-| + C ♦ Hh C X~f “i* G X 

XI 1 ^ r 1 r 2 

c 


N + x^ 


= c 




E(u^/ 


A 


= Marginal distribution of the number of 
defectives in the first sample of size n^ 

= Conditional expectation of number of 
defectives in the remaining portion of 
lot (N - n^) after first sample has been 
drawn, and it contains x^ defectives. 

= Event when c^ < x^ < 

S (x^/A) - Conditional distribution of number of 

defectives in the second sacple of size n2 
given "thai eveni A has occumed, 

E(u2/x 2, A) = Conditional expectation of number of 

defectives remaining in the uninspected 
portion of lot after the second sample 
has been drawn (N - n^ - n^) given that 
Xg defectives are found in the second 

sample of size n2 and event A has occurred. 

Pi stributi onal Consideratj ons ; 

Let f^(X) be the distribution ot the number of defectives 
X in the lot Of size H. If is the number of defectives 
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in the sample of size the conditional distribution 

hypeingeometric. 




(”1) (” ■ ”1) 
'^X - X, ^ 

'X^ 


(3.33) 


■Then by Bayes theorem the marginal distribution (x^) 
Of the number of defectives x^ in the first sample is givL by, 

N-n^+x^ 

Substituting and also = X-Xj^, we get 

^Ui'-^l 


“■"l 

^ u^=0 *T3^r~) ' (3*34) 


Xi+Ui 


Then the conditional distribution hCu^xp of nuaber of 
defectives u^ in the remaining lot (N - nj^) after the first 
sau^ile is drawn and defectives are found is given by, 


h(ui/xi) = 


n, N-n, 

( ) ( 

^1 “i ^ ) 


( ) 

^X^+U^'' 




( 3 . 35 ) 


will be 


Conditional e3q>ectation of the number of defectives 
then given by, 

l(u^/x^) ^ z u, h(u,/x-,) 

u ^=0 - 1 - 1 

The above equation can be simplified as shown by Worthram 

B't al (28) “to "tile form. 



(x-, +1) Sn-j +1 (x, +1) 

ECu^/xj^) = (N - -„ .,,, 1_ (3.36) 




¥e go to the second sample if x^ is such that c^ < E 2 * 

Let A be the event when < x^ < c^. All of the following 

expressions will be valid only if event A occurs, Ihe condi- 
tional distribution of X 2 defectives found in the second 
sample of size n 2 , given that A has occurred is as follov/s. 




N-n^-n^+Xg 


^1“^2 


n„ N-n., -n.^ 

( ^)( ^ 

X2 ^ 1-^2 


I'l-n^ 


c n 

' u * 




We can substitute. 


U2 = u^ - X2 


rn N-ru-n^ 

, (xb< u, 

Sn^ AVa) = Z - ^ 2 

^ ^ U2=0 


N - n, 

( 

'U 2 +X 2 


h (u2+X2/x^) 


( 3 . 37 ) 

Then conditional distribution /C(u2/x2, A) of the number of 
defectives U 2 remaining in the uninspected portion of the 
lot (N — n^ — n 2 ) after the second saii5)le has been drawn and 
x^ defectives have been found is given by. 


I 


^ 2 ^X 2 , A) = 


n„ N-n, -n„ 

(„2) ( 2) 


'X 2 ' * U 2 


h(u2+X2/A) 


(3.58) 


'U 2 +X 2 
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Then conditional expectation of U 2 given "Chat A has occurred 
and second sample of size n 2 contains X 2 defectives is given by, 

N-n^-n2 

E(uo/x„,A) = E h(uVx,,A) (5.39) 

^ ^ U2=0 ^ ^ 

Thus knowing all the distributions and expectations im-olved 
along with the cost coefficients, the total expected cost 
E(TC) can be found for any given plan (N, n^, c^, n 2 , C 2 ) - 
However, the design of plan still remains an open one. One 
can try to develop a heuristic based on the above analysis. 

Some subjective information such as, n^ and n 2 should be 
equal etc. can be provided and based on this infomation 
heuristic might give a plan with better economics. 

A Particular Case : 

Let us now consider a parti collar case of the distri- 
bution of the p, p being the probability of getting a defec- 
tive. Let p be Beta distributed with parameters s t 

P(s, t), 

fCp) = P(s. t) = (3.40) 

fT-|t 

t, s > 0,' 0 <_ p £ 1 

Then distribution f|^(X) of the number of defectives X in the 
lot of size N is given by, 

%(X) = / (“) (1-p)'*-’^ f(p) dp (3.41) 

/-Nv X /T ^.-kN-X Is . t 3-1 st-1 j 
~ J \^) P vl-p) p (1-p) dp 

0 is It 
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which on simplification gives s 


f j^(X) 


is + t it + N 


F" 


(3.42) 


s -i- t + N 


i.e. the number of defectives X, in the lot of size N, 
follow a Polya distribution. 

Hald ( 19 ) has showed that compound hypergeometric 
distribution given in Eq. (3.34) is of the same form as the 
prior f|yj(X) in case of reproducible prior distributions such 
as Binomial, Mixed Binomial, Polya, Rectangular etc. v;ith 
N and X replaced by n^ and x^. Hence we get, 




n^ fs + x^ { g ^ t ^ ” ^1 


(F) 


fE~ ft {s~+ t 


( 3 . 43 ) 


For the case "vdien we have ’p ’ as Beta distributed we have seen 
%(X), Sn^(5Cx^ Polya. Further from Eq. (3.36), 

(x-, + 1 ) ®n,+l 

1 1 1 inj^ ->-1) 

Substituting the values of g^ , (x-, + 1 ) and g (x.,), v/e can 

± J_ 

simply Eq. (3,36) to get, 

( s + X- ) 

E(ui/xi) = (N - n^) — J -, (3.44) 

(s + t + n^) 

The conditional distribution of u^, h(u^/x^) is given by 
Eq. (3.35) as. 


h(u2_/x^) 


n^ N - n~ 

^x^^ ^ u 
^1 ^ 1 

^7” ^ ) ■ 
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Substituting for + u^), g^ (x^) from Eq. ( 3 . 42 ), 

(3.43) respectively, we get, 


bCu^^/x^) 


n, N-n, 
(x- > ( 

(xiSui) 


(„ ) I Is+t 

' I 3 I t r's+’fc+N 




H js+x^ [s+t ft+n^-x^ 


t S+t-rU-, 




N - ru 


= s + x^ 


S -^^2, [s+t+n^ [t+N-x^-»u~ 


s+t+N . t+n^— x^ 


( 3 . 45 ) 


"1 


for a given n^, s^, and are ooaatants. 

h(u^/xp = (b) 55 ,, 

^ Pi nr Prv^ 

»hloh 13 again Polya with s^, as parameters and N and X being 

replaced by and respectively. Ihen again by the property 

Of reproducibility distribution of x^ given A has occurred is 
given by. 


g„ (Xg/A) = (“ 2 ) 5 ^ 

2 ’'s r5 fT 


( 3 . 47 ) 


one may note that E,. (3.46) and E,. (3.47) are not Independent 
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of x^, parameters and t^ are functions of x^. Flirther, we 

have expectation of Up given that A has occurred and X2 

defectives have been foimd in the second sample of size n^ 

from Eq. (3»39) as follov/s, 

N-n-, -n^ 

1 2 n . 

E(uVx^,A) = E u 

^ ^ U2=0 ^ ^ ^ 

The above equation can be simplified on the same lines as 
before, to get. 


(s. + Xp) 

E(up/xp,A) = (N. - lip) —i..-— (3.48) 

2 2 (s^^t^-.n2) 

The above relations are developed \dien probability of getting 
a defective follows a Beta distribution ( A general case) . 
These simplified relationships can be used to evaluate total 
expected cost E(TC) from Eq. (3.32). 

Model Development in Presence of Errors s 


First Sample s 


Let us first try to develop expressions for the first 
sample. These can be used with simple modifications in case 
of single sampling plan. First a simple of size n^ is drawn. 
Let, 


^1 

^le 


- number of defectives present 
= number of observed defectives 
= number of defectives (out of x^) classified 
correctly 
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±2 = number of good items (out of - x^) 

classified erroneously as defectives 

u^ = number of defectives remaining in the 

lot after first sajiipls has been drawn 

^le = ^^^2 

^i^ = cost of inspection of items 

c^(i^+i2) = Cost of repair of It + i2 items, observed 
to be defectives 




= cost of accepting x^ - i^ defective items 
classifying them as good. 


Then distribution of defectives classified correctly (i^) is 
given by [Collins et al (17)], 

%^^1^ “ ^^1^ ^ (3.49) 

Distribution f2(i2) of good items classified erroneously as 
good (12) is given by 


^2 ^^ 2 ^ 


= ( 




■) Si 


(1 




‘"' l“^2 


(3.50) 


Cost of Acceptance ; 


Acceptance is possible on first sample if x^^ 
if + ^2 ~ Expected cost of acceptcjice on the first 

sample E(Ca^) can be given by, 

ni ^ 

E(Ca^) = S [ Z {c^n^ + c (i, +i^) + c (x, -i,) 

^1^° V^2"° ^ ^ ^ ^ 

N-n^ 

* =a “1 h(upx3^)}f^(l^).f2(l2)] (3.51) 
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where, Z h(u-,/x.) is given by Eq. (3.35). 

u^=0 J- 3. 

The above term is multiplied by i.e, cost of accept- 

3 . 

ing a defective, Rirther, it is multiplied by 
*^1 

Z fp(ip) 

il+i2=0 3. i ^ 

which is probability of acceptance on first sample for given 
x^. Finally multiplied by (x^) and sxammed over all 

possible values of x^. Similar is the explanation for other 
terms. 


Cost of Rejection s 

■When decision to reject the lot on the basis of first 
sample is taken, the remaining portion of lot (N - n^^) is 
inspected 100 percent. 

In that case u^, the number of defectives present 
in remaining lot will be subjected to erroneous classification. 
Let, ■ 


^1 

^2 


ISIumber of defectives (out of u^) classified 
correctly, 

Mjmber of good items (out of N-n^-u^) 
classified erroneously as bud. 


‘jl 
N-n, -u. 


, I , » ^ 1 "^1 ** j *1 

= ( ^ ) (1 - 62) 62 ^ 




( 3 . 52 ) 


(3,53) 
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The decision to reject the lot on the basis of first sample 
is taken if C2 < (i^^ + i2) <. Then expected cost of 

rejection on the first sample E(Cr^) can be given by, 


E(Cr^) 


n^ ni 

Z [ E 

Xi=0 

N-ni 

+ Z { Z 
^1=0 j^+j2=0 


(c^ N + c^ (±1-^2) + 

{Cr(ji+j2) 


. h(u^/x^)} fpCii) ^n^ ^^1^ (3.54) 

Second Sample ; 

The second sample is drawn when decision is not 
possible on the first sample. This happens i^dien the number 
of observed defectives is such that c^ < < C2 i.e. 

^ ij + ig < C2. Ihe second sanple will lead to acceptance 
lot if cummulative number of obse^^od defectives is less 
than or equal to C2 else it will be rejected. Rest of the 
^•^^^ysis being on the same lines we write expression for the 
expected cost of acceptance on the second sample as follows s 


E(Ca2) 


Z 

^1=0 


C2-I n. 


[ 2 


il+i2=Ci+l X2=0 


C2-( 11+12) 

[ E 

ki+k2=0 


[(n^+n2)c^ 


+ Cj,(k^+k2) + Oj,(lj^+ig) + 

N-n^-n2 

* 4=0 '=a“2j2(V’'2>A)] f5(ki)f5(k2)] 

• 8n^ (3.55) 
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where, 


= Number of defectives out of present in 
112 which are classified correctly. 
k2 = I'ftjmber of good items in second sample out 

of classified erroneously as defectives. 


k-j x^— k-i 

®2 


n„-x„ k. 


fgCi^a) = (“"'"2) (l-ep"2‘"2'''2 

ko 


( 3 . 56 ) 


(3.57) 


In the same way expected cost of rejection E^Crp) on the second 


sample can be given byj 


E(Crp) = £ [ £ 


Cp-l 


rip Up 


[ 2 [ £ E 


Xi=0 i^+i2=c^+l X2=0 k^+k2=C2+l-i^-i2 


[c.N 


+ c^(i^+i2) ‘"a^^2“^l^ 

N-n^-np ^2 

• u ^=0 ^1? +0 ^0 

2 ^2 

• Z('^ 2 /x 2 ,A)] fjCkj^) fgCkg)] g (Xj/A)] 

• ^ 2 ( 12 ^ gji^ Cxj^) (3.58) 

where, 

£2 = Iteiber of defectives present(u^ in the rejected 

portion of lot after second saii5>ie has been 
drawn, vdiich are classified correctly. 
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£ q (12^ 


Number of good items present (N-n^-n2-U2J in reoected 
portion of lot after second sample (out of 
N-n^-n2-u^) classified erroneously as defectives. 

' (f) eg 2 


(3.59) 


N-n-i-n^-u^ f.U N-Ut - n^-cu-if'L 

( ^ ^ ey (l-ej^) 1 2 '-e (3.60) 

^'2 


In the above equations from (3*49) to (3.6o) we have discussed 
the expected costs of acceptance and rejection for the first 
sample and the second sample. Therefore expected total cost 
E(TC) can be given as. 


E(TC) = E(Ca^) + E(Cr^) + E(Ca 2 ) + E(Cr 2 ) (3'.6l) 

In the Eq, (3.51) for E(Ca^) we have a summation over 
^1 

two variables, £ . This stmmation has to be separated 

i2_+ip=0 

into double summation over each of the two independent 
variables i^ ard. i2. The double summation is given by, 

^1 

^ ^ (3.62) 

ip^O i2=0 

The distribution of i^ is given by Eq. (3.49) (vdiich is 
Binomial). The range of ^3^ is therefore given by G <_i3_ ^ x^ . 
Similarly distribution of ip is given by Eq. (3.50), which 
is again Binomial. Range of ip is then given by 0 < ip < n^-x^. 
The double summation given above is modified to. 
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Z 

± 2=0 




■“I 

S 


i^=0 


(3.63) 


The above double summation can be used in the 
Eq. (3.51). In the same way summation over two variables 
^l'*‘^2 ' other ranges, d-i[_+j 2 ^'tc. occirr in Eqs.(3.54), 

(3.55) and (3.58). These can be separated into the double 
summation over two variables on the same lines as discussed 
above. 

^1* ( 3 . 61 ) is the expected total cost of a double 
sampling plan. The various distributions used have already 
been discussed for the case when model was developed in the 
absence of errors. This equation can be used to analyze the 
effect of errors on the economics of a double sampling plan. 
But that is not done due to shortage of time. However, the 
exact economic analysis of the double sampling plan in the 
presence of inspection errors gives us a better insight to 
claim that the model developed for the single sampling plan 
in presence of errors by Case et al (27) requires certain 
changes. However, that can be used as an approximate model 
to show the adverse effects of errors on single sampling 
plan as discussed in Chapter II, 

3.6 Conclusions ; 

Let us finally summarize the results obtained in 
this chapter. 
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Hie effect of errors on the incoming qualii:y does 
not depend upon the plan. 

Probability,'’ of acceptance increases in presence of 
type II error and decreases in presence of type I 
errors. 

For a given sampling plan the average outgoing quali’ty 
decreases in the presence of type I errors because of 
more screening inspection. The average outgoing 
quality increases in presence of type II errors. The 
shape also is significantly different. The effect is 
similar to that in case of single sampling plan. 

Average sample number depends upon the probabili-ty of 

acceptance and probability of rejection on the first 

saii5>le and hence the net effect may be that ASN is 

0 

greater or less than ASN.' 

Average total inspection Increases in the presence of 
tyrpe I errors and decreases in the presence of type II 
errors. 

Etesign of double sampling plan based on (AQL, a), 

(RSL, P) requirements was considered in presence of 
errors. Type II error increases n^ and/or slightly, 
and does not affect and o^. Type I error increases 
^1» ^ 2 * ^2 sippreciably. ; 
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7. The economic analysis of a double sampling plan in 

presence of errors is presented in form of a model. 
The computational results have not been presented. 

A effort in that direction may be fruitful in 
recognizing adverse cost effects due to presence 
of inspection errors. 



CHAPTER IV 


INSPECTION ERRORS AND SEQUENTIAL SAMPLIM5 PLAN 
4-1 Introduction g 

A single sampling plan has a fixed sample size. 

Double sampling and multiple sampling do not have a fixed 
sample size, the sample size instead depends upon the quality 
of the items being inspected. In sequential sampling the 
size of the sample for a particular lot is left undetemined. 
In sequential sampling we inspect one or several pieces at a 
time until the cumulated evidence is strong enough one way 
or the other to call the lot acceptable or not. 

Ijie Sequ ential Method of Acceptance Sampling s 

A sequential inspection plan consists of examining in 
sequence single items (or group of items) chosen at ran- 
dom frx)m a lot and at each step making one of the following 
three decisions. 

(i) The lot is acceptable 

(ii) The lot is unacceptable 

(iii) The evidence is insufficient for arriving at 
either of the two decisions \yithout too great 
a risk of error. 
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THhen the third, course oi action is taken, an additional 
itan (or group of items) is inspected and same three 
decisions are considered again. The inspection is continued 
until the decision of acceptance or rejection is arrived at. 

The criterion for each of the actions is conveniently 
given by a pair of parallel straight lines, vjhich depend upon 
the quality tolerance limits and preassigned risks. The two 
lines are plotted on a chart as shown below s 



ELg^ 10s Graphical form of the sequential sampling 
plan. 

Inspector plots the number of defectives observed 
against total number of items inspected. As long as the 
plotted points fall between Ilie two lines the inspector 
continues to draw additional items* Inspection terminates 
when a plotted point falls on/above the upper line or 
vtien a plotted point falls on/below the lower line, the lot 
being accepted in the latter case aM rejected if its the 
former. 
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X 


The procedure need, not be carried out graphically. 

A table can be easily prepared giving the acceptance and 
rejection numbers for each of the number of items that could 
be inspected. The tabular form of the sequential sampling 
plan is shown below? 


n 

^1 

Acceptance 

number 

d 

Number of 

defectives 

observed 

Rejection 

number 

1 

• 

• 

• 

2 

• 

• 

# 

* 

* 





Tabular form of sequential sampling plan. 


In this chapter, we will study the effect of inspec-’ 
tion errors on this very useful acceptance sampling plan. 

¥e. will first consider the effect of inspection errors on 
various performance measures. We will then attempt to 
design a sequential sampling plan based upon (AQL, a), (RQL,i3) 
requirements when inspection errors are present. Finally, we 
will compare three plans, single, double and sequential 
san 5 )ling plans designed to satisfy the same (AQL, a), (ROL, p) 
requirement. Ihe comparison of the three plans will be on 
the basis of effect of inspection errors on the probability 
of acceptance. 



113 


Insp ection Errors on Performance Measixres ;- 
^•2.1 Apparent Incoming Quality £ 

Apparent incoming quality for a sequential sampling 
plan vd.ll be same as in case of single or double sampling 
plans. Apparent incoming quality is given by, 

Pe ~ P(^ “ + (l — p) e^ (4.1) 

^•2.2 Probability of Acceptance ; 

Let us start with the assumption that size of the lot 
submitted for inspection is large relative to the number of 
Items inspected so that the probability of getting ai^ number 
of defectives (say r) is given by a Binomial mass function. 
Analysis in Absence of Error s 

It IS known that a discrete variable, the roomber of 
successes r follows a Binomial distribution vAose parameter 
p (the fraction defective) is unknown. ¥e wish to decide 
between the two hypotheses p = p^ (aql) and p = p^ ( rql ) with 
risks Of error limited to small quantities a and p. The actions 
are related to likelihood ratio L as given below [SRG report (13) ] 

(r^ Pp (l“-P 2 ) ^ |**i A accept p =s p^ 

P/ 1 - ® P = Pi 

A and > B reserve judgement and 
take additional 
observation. 


(4.2) 
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Taking logarithms Eq. (4.2) becomes, 

(1-Pt ) 


Pp 

r log (n-r) log 

Pi 


G a 


£ -b 

(l-Pp) I < a and > -b 


(4.3) 


¥e also have following relations because of specified risk 
probabilities [SRG report (12)] 


1 - p A a 

P < B (1 - a) 

But we actually work with 


(4.4) 


A 

B 


a 


r = 


(l - a) 

(1 -Pq) 

P2 (l -■ P^) Po (1 - Pt) 

ii' ti - pH I - 


(4.5) 


n - 


(4.6) 


r = 


, (1 - Pi) 


Acceptance line 


log 


Ti-(i - p^)- " ; — F 2 a - p^) ('*•7) 


Pt U - p,) 


log 


Pi (1 - pP" 

Rejection line 


y^ere. 


a = 


b =r 


log A = log ~ ~ P 
log B = log 


1 - a 


(4.8) 
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The above equations give acceptance and reje ction lines as, 

= -h^ + s n acceptance line , (^.9) 

^2 “ h 2 + s n rejection line (4.10) 

where. 



(4.11) 



®ie assun^tion that the number of defectives in a sanple of 
size n follow a Binomial distribution enables us to replace 
the incoming q-uality p by apparent incoming quality p 
in the above relations. 


aie probability of acceptance Pa cannot be expressed 
in terms of p. But Pa can be expressed as a function of a 
<iuimy variable w which in turn is a function of incoming 
quality p. These relationships are given below [SRG 
report (15)3, 



(4.14) 
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And, 


P 

!l 

Pa 


p w 

-h 

w 


l-s 


1 n 

Pa 


(4.15) 


Eqns. (4.14) and (4.15) are valid for w > 1. 

where and s are given by Eqs. (4.11), (4.12) and 

(4.13) respectively. The two sets of Eqns. (4.14) and 
(4.15) give two points on the OC curve for a fixed v;. The 
Eqn. (4.14) gives a point for ^ich p < s and Eq. (4.15) 

gives a point for which p > s. For p = s probability of 
acceptance is given by. 


Pa = 




hi + hg 


(4.16) 

The above Eqna. (4.14), (4.15) and (4.16) can be modified 
to study the effect of inspection errors on the probability 
of aco^tanoe. Inspector is provided with the values of 
hi, hg and s, presuming that he is error free. But unfor- 
tunately he is not. the erroneous inspector observes ^ 
apparent incoming quality p^ instead of true irromlng 
quality p. Then we will have. 



Pa. 


-tiip ii-. 

w _ w i 

- e 

h-^+h^ 

w _ 1 

e -‘- 


(4.17) 
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and, 






h-, +h^ 

w — 1 


Pi. W 
•^e e 


1-s 




(4.18) 


s 

Eqns. (4.17) and (4.18) are v.alid w^> 1, 

For a particular value of the incoming quality p, we can find, 
apparent incoming quality Pg "by Eq, (4.1). If p^ < s, we 
use (4,17). If p^ > s, we use Eq. (4,18) [if p = s then 

iip 

PUe = g ' by Eq. (4,l6) ]. We then solve .first equation 
of appropriate set of equations, either Eq. (4,17) or 
Eq, (4.18) to obtain value of w^. Ihis requires some nume- 
rical method. Ihe second equation of the same set will give 
Pa_ for the value of v we found before . Ihus for a incomim 
quality p, Pa^, the probability of acceptance in presence 
of error is obtained. 


The above effort is required for directly comparing 
Pa^ with Pa for a particular incoming quality. To study 
the effect of inspection errors conputations based on above 
analysis were done and the results are shown in the Tables 20 
and 21. 


Table 20 gives the probability of acceptance for few 
selected incoming quality levels and few representative 
error pairs. Table 21 gives the percent charge in probability 
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of acceptance in the presence of errors, i.e. — x 100. 

The values given in Tables 20 and 21 are for a specific 
plan (h^ = 1.0458, = 1.3426, s = 0,0341 ) found for 

(AQL - 0.01, a = 0.05), (RQL = 0.08, p = 0. 10) requirements. 
Figure 11 shows the OC curves in presence of inspection errors 
for few of the above error pairs and for the same plan 
(h^ = 1.0458, h^ = 1.03426, s = 0.03^1 ). 

The effect of inspection errors on the probability 
of acceptance is similar to that of single or double sampling 
plans. Probability of acceptance increases in presence of 
type II errors because the inspector is erroneously classify- 
ing defective items as good and hence accepting lots more 
often. Effect of type II errors is more pronounced at 
hi^er values of p, where the number of defectives that can 
be erroneously classified as good is more. 

Type I error has an effect of decreasing the probabi- 
lity of acceptance at all incoming quality levels. The 
reason being the erroneous classification of good items as 
defectives, ae effect of e^ on Pa is „ore significant as 
compared to that of e^. This is because we normally deal 
with good quality and the number of good items that can be 
classified as defectives is more. Percentage change is also 
more at higher value of p for e^^ and both. In case of 
eg, it is because greater change (Pa^ - Pa) and in case of 
it is because of low values of Pa. 



Probability of acceptance {Pa) 


PLAN(hi = l-0458, h2=1'3426, /3=0-0341) 
(for AQL = 0 01 , RQL =0 08;a =0-05,/J=0-10 ) 



(ei,Z2) 

(0000, 0-150 ) 
(0-000, 0-100 ) 
(0-000,0-000 ) 
( 0 - 010 , 0-000 ) 
(0-025,0-2 00) 
(0-025,0-000) 


0-00 


0-04 0-06 

Incoming quali ty (p) 


0-08 


0-10 


Fig. 11 OC Curve in presence of inspection 
errors (Sequential sampling plan) 
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In presence of both type I and type II errors the 
net effect depends both upon relative values of e^ and 62 
and the incoming quality. For low values of p, even if 
e^ is much less than 62 , its effect is more dominating 
because the number of good items which will be subjected 
to type I errors is more than the number of defectives which 
will be subjected to type II errors. 

^•2-3 Average Sample Mimbe-r ? 

In sequential sampling, the inspector does not know 
exactly how many items he will have to examine from the lot. 
However, it is possible to compute the average amount of 
inspection that will be required in a long series' of 
operations with a given sequential plan. . 

Ihe average amount of inspection depends upon the 
values of h^, h 2 and s which define the plan and also upon 
the quality of the lots submitted for inspection. The 
functional relationship between the average amount of ins- 
pection and these quantities is given below [The detailed 
analysis can be had from SRG report (13)]. 

Average sanpling number for the lots vhich are 
accepted is given by, 

h - C ] ffa 

ASN = 
a 


s - p 


(4.19) 
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Average sampling iiumber for the lots Tfltiich are 
rejected is given by, 

h + [ eIL-Z-R], j 

^2 *- 1 - Pa dp 


ASN 


(4.20) 


p - s 

The average sampling number (ASW) is given by, 

ASN = ASN . Pa + ASN (l - Pa) 

a. 

Substituting the values of ASN^ from -Eq. (4.19) and ASN^ from 
Eq. (4.20), we get. 


ASN = 


(h^ + h^) Pa - h. 


s ~ p 


(4.21) 


In the presence of inspection errors Eq. (4.21) can be 
modified as follows, 

(hi ♦ hg) Pag - hy 


ASN, 


s - P, 


(4.22) 


Table 22 gives the average sample number. Table 23 

gives Idle percentage in average sample in the presence of 
ASN - ASN 

errors, i*e* ASN ^ 12 shows the average 

san^ile number curve in absence or in presence of error for 

few of the above error pairs. The effects of inspection 

errors on the probability of acceptance and the probability 

of rejection, tog elher determine the effect of errors on ASN. 

In presence of only type I error, ASN^ > ASN for incoming 

quality better than seme level p„ (say) beyond ^lich 

i 
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ASN^ < ASN* Similarly in "the presence of type two error, 

ASN^ < ASN for incoming quality level p^^ (Say) beyond T/diicii 
ASNg > ASN. ^ 

Pj^ - Incoming quality at which type I error has no effect 
on ASN. 

Pn^ ~ Incoming quality at vdiich type II error has no effect 
on ASN. 

Pfl ~ Incoming quality at "vdiich there is no effect of 
inspection errors on ASN. 

In presence of both type I and type II errors, there 
will be some quality level Pj^ at vdiich the presence of 
error will have no effect on ASN. For quality levels better 
than and worse than p^^ the effect of errors depends upon 
relative values of type I and type II errors (i.e. and 62). 
But for usual quality range e^ is the dominating factor and 
hence the curve is expected to follow pattern of the curve in 
p^sence of type I error only i,e. for 

P < Pj^ ASNg > ASN 

P > Pjg ASN^ < ASN 

To have a better understanding let us consider a 
double saii5>llng plan, which had *own same effects of errors 
on ASN. ASN for a double sampling plan is given by Eq. (3.23) 
Eq. ( 3 . 24 ). 

ASN = ( 1 . 

ASNg = n3_ + n ( 1 - Pa , p^, v 

le le"^ 
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liflien only type I error is present i. e. e^ > 0, 

®2 ~ < P^-' Pr®T > P^T • Por 

Si j. 11 

low vniues of p. Pa is a dominating member and hence. 


Pa, 

le 


< 

Pai 

+ Pr^ 

’ p < 

P®le 

+ Pile 

= 

Pa^ 

■^Pri 

!l 

Pk 

U 

o 

f^le 


> 

Pa^ 

+ Pr^ 

, for p > p 

1‘j-, 


these three relations when substituted in ASN ej^pression 
given by Eq, (3.23), 


ASNg > ASN 


ASNg = ASN 


ASN^ = ASN 


for p < p 


N- 


1 


for p = p 


'% ■ 


for p > p 


% 


Similarly, the relations can be developed for 
in the presence of type II errors and written 


asm < ASN 

tr 


ASN^ = ASN 


ASNg > asm 


for p < p 


N^ 


for p = p 


N. 


for p > p 


N-. 


effect of errors 
as. 


The same reasoning holds good for sequential sampling plan 
also. Ihe exact analysis for it is however, difficult. 



129 


4.2,4 Average Outgoing ’Quality ; 

Mien material is inspected, by non destructive tests, 
lots which are rejected are often subjected to 100 percent 
Inspection. This is known as rectification. Rectification 
of rejected lot may be done by replacing defectives found 
by good ones or by just scrapping the defectives. The 
average outgoing quality is then the quality of outgoing 
lots. 

In case of sequential sampling plan, it is rather 
difficult and complex to determine the exact e3q)ression for 
the average outgoing quality even in absence of errors. 
However, the approximate expression is given by, 

AOQ = Pa , p (4,24) 

AOQ given by the approximate expression can be modified, 
replacing p by p^ and Pa by Pa^, that is, 

AOQg = Pag p^ (4,25) 

But the above equation is a bit too much of approxi- 
mation hence further analysis of AOQ under inspection errors 
is not taken up, 

^•2*5 Average Total Inspection ; 

In case of rectification, the rejected lots are 
subjected to 100 percent inspection. Therefore the average 
total amount of inspection (ATI) is much higher than averc^e 
sanqile number discussed before. 
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It may te recalled that ASN was given in two parts - 
ASNg^ for the accepted lots and ASN ^ for the rejected lots. 
These expressions, given from Eq. (4.19) and (4,20) are as 
follows! 


ASN = 
a 


h-, 


f -(1 --P) 
^ Pa 


] 


d Pa 

dp 


s - p 


"2 - C ^ 

ASN ^ = — — 

r 

p - s 

In the case of rectification policy the average amount of 
inspection required for accepted lots is same as ASN . But 

cL ' 

Tidien a lot is rejected all N itaiis are inspected ^ and hence 
average anount of inspection i s N. Ihen average total 
inspection (ATI) is given by. 


ATI 

ATI 


ASN^ Pa + N (1 - Pa) 



s - p 


Pa -f N(1 - Pa) (4.26) 


It may be noted that in the above equation, rectification with 
100 percent inspeqtion is considered and defectives found are 
either scrapped or replaced with good items from a prejudged 
lot without further inspection. In presence of inspection 

errors the Eq. (4.26) can be modified to the form given 
below. 
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h. 




(1 - p„) , 

— ] 


Pa. 


d Pa^ 

^pT" 


ATI 


s - P, 


Pag + N (1 


- Pa J 



Pa. 


+ Pe (1 - Pe) 


d Pa 

e 


d p 


e 


s 


Pe 


+ N(1 - Pa ) 


(4.27) 


To evaluate the above expression, we should first have 

d Pag 

expression for — . This is given in Appendix A, For a 

^ Pe d Pa 

given incoming quality p, we can get p^. Pa g and — . 

Thus ATI can be computed from Eq. (4.27). 


The effects of inspection errors on ATI have to be 

studied, A typical sampling plan (h^ = 1.045®, ^2 = 1,3426, 

s = 0,0341-) is considered. ATI^ values are computed for 

various error pairs at selected incoming quality levels. 

The results are illustrated in Tables 24 and 25 . Table 24 

gives ATIg values. Table 25 gives percentage chaise in 

average total inspection in presence of inspection errors 
ATI - ATI 

i.e. ^ 100. Fig. 13 shows the ATI curves for 

few of the above error pairs. Again same plan (h^ = 1.0458, 
h 2 = 1.3426, s = 0 . 0341 *) is considered. 

The effect of e^ and e 2 on average total inspection 
is same as in the case of single and double sampling plans. 
The values of ATI^ are for rectification policy without 
replacement. The effect of e^ is to increase average total 
inspection because of more screening inspection and effect 
of is to decrease the average total inspection. 
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k', 3 Design of Secruential Sampling Plan Based upon 
(A<x 1 a)» (RiX, 6) Requirement^ 

Let us first discuss the design procedure for case 
when inspection is error free. 

When Inspection is Error Free s 

We had obtained in previous section equations for 
acceptance and rejection lines defining a sequential sampl- 
ing plan. Eq. (4.9) and (4.10) give acceptance line and 
rejection line respectively. 

d^ = - h^ + s n acceptance line 

^2 = h 2 + s n rejection line 

^ere h^, h 2 and s are given by Eqs. (4.11), (4.12) aM (4.13). 
Given (AQL, a), (RSL, p) we can fird h 2 and s. Let 
ACL = p^ and RCL = P 2 for simplicity. Bae three decision 
variables h^, h 2 and s define the plan. The plan can be 
expressed in form of a table as shown in the Sec. (4.1) giving 
acceptance aM rejection numbers. For each n, rounding off 
d^ gives acceptance number and rounding up d 2 gives the 
rejection number. 

When Inspection Error is Present ; 

Mien inspection error is present, the inspector is 
behaving as if incoming quality is p^ instead of p. With the 
assumption of Binomial distribution, we had seen in Sec, (2,2.1) 
that Binomial (n, p) gets modified to Binomial (n, p ). Ihen 
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we can replace p by p^ in the likelihood ratio L given in 
Eq. (4.2) and the rest of the analysis can proceed on the 
same lines. ¥e can therefore, get equivalent intercepts of 
decision lines and slope s^ in presence of errors. 

The following relations determine the plan. 


AQL, 


RQL, 


then. 


h. 


le 


"2e 


= P 




^°g ' fl - g) 
”(P2e^ “PlP” 
^^e ^1-P2e>-^ 

log (^) 

r ^2€ U~Pi p) , 

l°gf p ii-p ' i ] 

Pie 


1 — P-, 

~ P2e 


logCEge 

Pie - P2e-I 


The acceptance lines are given by, 


(4.28) 


(4.29) 


(4.30) 


^le ~ ~ ^e ^ acceptance line (4;. 31) 

^2e “ ^2e ®e “ rejection line (4.32) 

The decision to accept the lot is taken if the number of 
observed defectives is less than or equal to d^^ given by 
Eq. (2.31). Hie decision to reject the lot is taken if -tiie 



number of observed defectives is more than or equal to d„ 

2e 

given by Eq. (2.32). 

It may be noted that the above designed con5)ensating 
plan lAhich also accounts for errors, will have the same 
specified risks at AQL and RQL, That means the observed OC 
curve with the erroneous inspector v/ill fit the desired OC 

curve at p^ and p^. The rest of the curve be different than 
the one desired. 

Effect of Errors on h^, h ^ and st 

Let us try to see analytically vdiat the effect of errors 
on the above parameters would be. 

Case Is Mien only type I error is present, i.e. 

ef > 0 

€2 = 0 

Given, a, p, e^, 62 

^le “ P2_Cl-e2) + (l-p^) 

%e “ ^1^^“®!^ (as e2 = 0) 

Similarly, ( 4 . 33 ) 

P2e ~ P2(l-ei) + 

From Eqns. (4.28), (4.11) we get. 
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h. 


1-Pl, 




-I„=. 


p(l - 


= (1 - p^)(l - e^) 

1 "■ P 20 ~ ~ ®-j ) 


1 - 

Pie 


1 

- Pi 

1 - 

P2e 


T 

- P2 

£2e 


P2 

( 1 - 

-e^^) + e^^ 

Pie 


Pi 

JT- 

"® 1 ^ + 

£2e 

< 

P2 


is true. 

Pie 


Pi 


P2(l 

-©2^) 

-f 

®l 

< 

Pl(l 



^1 

Pi 


PjPi (l-e^^) < P 2 P 3 ^ (l-e^^) +5^6^^ 

Pl®l < P2®1 

p2 < P 2 

vdiich is true hence. 


S2e < ^ 

Pie Pi 

Multiplying Eq. (4.35) on both sides by Eq. (4,34), 

P2e ~ Pi 5 ^ Pg (1 - Pj^) 

Pie - P2e> Pi (1 - Pg) 


(4.34) 


(4.35) 

we get, 
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taking logarithms we get. 


PgeJ^e) 

Pi 


r "'2e t . _ Po (1 -Pt ) 

'■ ^1-P2e) ^ [ 5^-Xi1p|7 ] 


(^. 36 ) 


then we get h^^ > h^, and > s, becaruse Eq. (4.36)gives 

relationship between the denominate of h, and h. , h and 

hp, s and s^. 

^ e 

Case II: When only type 11 error is present, l.e. 

Oj = 0, 62 > 0 

Pie ~ P^ Cl - e2) 

P2e = P2 - 62) 


%e 

1 - 


1 - P 


P2 

Pi 


le ^ ^ - Pi 


(4.37) 


2e 


1 - p. 


is true 


if 


1 '*• Pj_ (1 — e2) 1 _ p 

^ P 2 ^1 ■* ^ 2 ^ ^ 1 ~ P 


1 - P2 - Pj (1 - e^) + (1 _ 

< 1 “ Pi + P1P2 (1-62) - P2(l-e2) 

“P2“Pl ■** Pie2 < -P1-P2 + 2262 

2 , >iilch is true. 


Pi < P 


Hence, 


1 - P 

n-p 


le 1 - 
j.e ^ 

2e 


Pi 


1-^ - Pr 


(4.38) 
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Eq. (4.^) gives relative values of denominator of and 
hf, and h2. So we get, 

h, > h-, and (4,39) 

le 1 2e 2 

^ ^ (Fi<3m Eqs. (4.37), (4.38)) 

Pie -^”P2e Pi -^“P2 

Let, 

P ~ Pie P2e 

A = log j ^ , B = log ^ 

J- - P2e Pie 

t 1 - Pt , Pp 

A = B = 57 

B’ = B, and A < A* from Eqs. (4.37) and (4„ 38)^ 


s^ < s is true, 
e 



AB^+ M < A^b' + AA 

M < a*b' 

A < A* 


Biis is true as giv^ above, and hence 


Sg < s 


(4.40) 
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To study the effect of inspection errors on the plan, 
various error pairs were selected along with a few sets of 
[(AOL, a), (RQL, p)] requirements. Plans are obtained in 
tenns of h^g, s^. The results are given in Table 26 . 

The effect of e^^ and 02 sequential sampling plan 
can be studied from Table 26 , in presence of e^^, h^, h2 
and s all three increase. In presence of e^, h^ and h2 
increase but slope s decreases. These results have been 
explained analytically in the preceeding analysis. The effect 
if expressed in terms of acceptance and rejection numbers is 
similar to that in case of single and double sampling, plans. 

In presence of e^ the acceptance and rejection numbers are 
higher for a few sani>le numbers to compensate for good items 
erreneously classified. In the presence of 82 same acceptance 
and rejection numbers are '/alid for 1he higher values of n 
because some defectives might have been erroneously classified 
as good, Bie words ’ Few values of n' indicate that accep- 
tance and rejection numbers do not change for all values of 
n. It is so because of the integer requirements. The average 
effect of ^ or 62 on inspection of single item is too low 

and is absorbed in rounding up or rotmding off changes in 

# 

" * 

acceptance and rejection numbers. 

4.4 Comparison of Single. Double and Sequential Sampling 
Plans in Presence of Errors ; 

In the phe^ous two chapters and in the present chapter, 
it has been seen ^^^that inspection errors do affect the performance 




142 


^■'Tri pntism 

1 V 

m ! 

W 1 

F OF iPHLlliS 

Ai.D ■r^-ranus 

VALUKS UF AaL,RaL 








ll 





I'.ui/o.T 


''”’’"7yT7~r”6 

77n57“7“g uroB/orTfa 

0.04/0.16 

"ni =5’. fi j9 9 

**•* 

ol = 0.7365 

fi 1 =1 , 0 j7y 

01=1.2384 

oT=l,48il 

n?=l . 0i9e 


07=0.9342 

!,2kJ .2y4u 

02=1.5900 

02=1,9018 

s = ') , 0 3 0 D 


S =0 ,055^ 

8 = C . 0 D 9 u 

5=0,0792 

5=0.0879 

n t = 0 . « 1 2 1 


0 1 = 0 . 7 0 fi 9 

n 1 = 1 . 0 1 1 b 

01=1.2439 

01=1,4885 

n7 = i ,f>39e 


r.2 = 0.a872 

n2=1 ,2991, 

02=1.5969 

n2 = l,9lU 

S = 0 , 0 4 9 u 


8 =0.0531 

5 = 0 , Oil 6 5 

5=0.0751 

5=0.0834 

n 1 = ' ■>.« i 3 ^ 


Ol =0,7 lUi 

t i 1=1.01 3 7 

Ol=l . 246b 

01=1,4921 

r 1 7 = 1 , (t 4 4 1» 


O2=0.9dB/ 

n2=t.3uM 

02=1.6004 

02=1.9157 

5 = '), 046 7 


5=0.0516 

S = f • , 0 6 3 / 

5=0.0731 

5=0.0812 

ni =:).H143 


01=0.77 12 

nl=1 ,0156 

01=1.2493 

01=1.4358 

02=! .0455 


02=0.9902 

n2=!.3u.39 

02=1,6039 

02=1,9204 

5 = 0 , !> 4 6 4 


5=0,050/ 

s = 0 , nt> l y 

5=0.0711 

S=0,0789 

nis-;?,Hi64 


01 =0.7/24 

r. 1 = 1. 0175 

nl=l,252U 

01=1.4994 

i i 2 s 1. ■ ) 'i 6 *y 


02=0.99 ! / 

ri2 = 1 . 3o53 

02=1,60/4 

02=1,9250 

S=n, 0441 


5=0.048 / 

5=0,0602 

5=0,0691 

5=0.0767 

n 1 = f) , « i 6 6 


ril=o.7 / 3 d 

Oil = t , 0194 

01=1.254/ 

01=1.5030 

n 2 St , 0 4 B 3 


02=0.993/ 

02=1 .3uB8 

fi 2 = 1. 6108 

02=1.9296 

<? S 0 , 0 H?9 


5=0.0473 

5=0,0584 

5=0.0671 

5=0,0745 

M s 0 , H 1 9 7 


n1 =0,7/59 

n 1=1 .0232 

nl=t,260i 

01=1,5102 

f.?= 1.061 1 


02=0.9962 

n2=1 .3136 

02=1.6178 

02=1.9389 

S = 0.0 4i’j 


5 = 0,0444 

5=0,0549 

5=0,0631 

5=0.0701 

fi 1 s 1 ,0465 


0 1 = 0 , 9 7 8 i# 

nl=1 ,1937 

01=1,4169 

nl=1.6604 

02=1.3436 


02=1.256 / 

02=1.5326 

02 = 1.8191 . 

02=2.1317 

s = {), 0t554 


5=0.0/14 

5=0, 0«1 7 

5=0,0906 

5=0.0985 

n 1 = 1 , 3 4 2 4 


01=1.2406 

01=1,4458 

01=1.6691 

01=1.9190 

n 2 = 1 , 7 H 3 4 


02=1 .5926 

n2=l,B562 

02=2.1429 

02=2.4638 

s = 0 , n ts 3 9 


5=0, 0.90 5 

5=0.0990 

5=0,106/ 

5=0,1138 

h. 1 = 1 . 7 d 0 / 


01 =1 .6236 

01=1,8328 

01=2,0672 

01=2,3342 

n?=2.2a62 


02=2,0a45 

02=2.3531 

02=2,6540 

02=2.9969 

5=0.1113 


5=0.1 185 

5=0,1255 

5=0,1321 

5=0*1385 

n 1=2, 1909 


01=1. 97B8 

01=2.1999 

01=2,4503 

01=2.7381 

n2=2.8l29 


02=2.5405 ' 

02=2.8244 

02=3,1459 

02=3.5154 

s=o,u?u 


s=0 .1 444 

5=0.1506 

s=0, 1566 

5=0,1624 

ntB2,6d7d 


Oi=2,320o 

01=2,5564 

01=2,8251 

01=3.1353 

02=3,3224 


02 = 2,9794 

02=3,2821 

02=3,6271 

02=4,0253 

s = 0 , 1 6 1 « 


S = 0 . 1 b 9 i 

5=0.1750 

5=0,1806 

5=0,1860 

n 1=1. 07 7 9 


0 1 =1,0079 

01=1,2244 

01=1,4509 

01=1,6987 

02=1,3839 


02=1,2940 

02 = 1,5720 

02=1.8627 

02=2.1810 

SaO.UbOl 


5=0.0555 

5=0.0746 

5=0.0825 

5=0,0895 

nt=1.4u7u 


01=1,2991 

01=1,5076 

01=1 ,7358 

01=1,9922 

02=1 .8064 


02=1.6679 

02=1,9355 

02=2.2286 

02=2,5577 

S=0,0783 


5=0,0842 

5=0,0917 

5=0,0985 

5=0.1048 

nlal , 4858 


01 =1.3 7 02 

01=1,5825 

01=1,8164 

01=2,0801 

02=1.9076 


02=1.7591 

02=2,0317 

02=2,3320 

02=2.6706 

5=0,0726 


5=0,0779 

5=0,0844 

5=0,0903 

5=0,0958 

01=2.0451 


01=1 .8588 

01=2,0835 

01=2.3371 

01=2.6278 

02=2.6256 


0,2=2,3 865 

02=2,6750 

o2=3,0U0b 

02=3.3738 

5=0.0992 


5=0,1 050 

5=0,1102 

5=0,1153 

5=0.1202 

01=2.8197 


01=2.524? 

01=2.7752 

Ol=3.0bll 

01=3,3918 

02=3.6201 


02=3.2414 ■ 

02=3.5630 

02=3,9301 

02=4,3546 

'8=0,1553 


5=0.1 620 

5=0,1670 

5=0.1718 

5=0,1766 

01=3, 3565 


01=2.9875 

01=3.2635 

01=3.5798 

01=3,9465 

02=4.3093 


02=3.8356 

02=4.1900 

02=4,5960 

02=5.0668 

5=0.1778 


5=0.1843 

5=0,1688 

S=0^1931 

5=0,1974 

i 

1 

1 

t 

1 

1 

1 

* w 



m tuM . 0 m 00 Wf 00 0 m wm mm 0m wm 00 

^ ifwr^ mm W- min mm mm mm -«mr - mm' mm 1 




143 


measures significantly. At this stage we study the sensiti- 
vity of the three plans to the two types of errors. For this 
purpose the three plans are compared as regarding iiie OC 
curve or the probability of acceptance. First of all the 
three plans are designed for some (AQL, a), (RQL, p) require- 
ments in absence of errors. It may, however, be noted that 
it is rather impossible to design the plans satisfying the 
requirements exactly^ three plans may hot have exactly the same 
OC curve even in the absence of inspection errors. Hence 
the three plans are designed to satisfy the above reqirlrements 
to the best possible extent. Then the effects of errors on 
probability of acceptance for these plans is studied. The 
plans are designed for (AOL = 0.02, a = 0.05), (RQL = 0.15' , 
p*0.10) requirements. The results are given in Tables 27 
and 28. Table 27 gives the probability of acceptance at 
various incoming quality levels. Few representative error 

are considered. Table 28 gives the percentage change 
in probability of acceptance in presence of errors, i.e, 

"" Pa)/Pa X iCX). The same is repeated for eadi of the 
three plans. 

5he results indicate that in presence of type II eriTor 
only for a good incoming quality (p < O.l), single sampling 
plan is least sensitive to errors followed by double san^ling 
plan and sequential sampling plan, in that order. But in 
case of p > 0.1 sequential plan is the best, followed by 
sin^e aiKi double saBi 5 >ling plan, in that order. 



Table 27 t Probability of Acceptance for Single, Double and Sequential Sampling 
Plans in Presence of Errors. 
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In case only type I is present for a very good 
incoming quality t p < 0.03 - 0.05), again single saiig)ling 
plan is least sensitive followed by double and sequential 
saii^jling plans in that order. But for p > 0.3 - 0.5 
sequential saii^ling plan becomes least sensitive followed 
by single and double sampling plans. 

Mien both the errors are present the order ronains the 
same as in presence of type I error only, because type I 
error is the dominating member amongst the two. 

In short, double sampling plan is the most sensitive 
one for all but a few incoming quality levels. Sequenti.al 
sanpling plan is the least sensitive except -vdien incoming 
quality is good (p < O.l). Single sampling is best for 
p < 0,25 while for the rest of the range of incoming quality, 
single sampling plan is more sensitive than the sequential 
sanpling plan but less sensitive than the double sampling 
plan to the presence of inspection errors. 

Ihe observations made above are for a typical set of 
requirements, and may not be generalized for the sensitivity 
of OC curves of the three plans to the presence of errors, 

Ihe methodology presented of course, can be used to study 
the sensitivity for any given set of refyoirements. 
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4,5 Conclusions t 

Followir^ conclusions can be drawn from this cii^ter. 

1, Probability of acceptance increases in presence of type 
II error and decreases in presence of type I error, 'Hiis is 
similar to the case of other two plans, 

2, Expression for average outgoing quality is rather ^complex 
and hence approximate expression (given by ADQ = Pa.p) is 
generally used. This expression ^oiold not be modified, just 
by replacing Pa„ for Pa and p^ for p or else it will be too 
much of approximation. 

3, ASN and ATI in the presence of error show similar pattern 
as in case of double sampling plan. 

4, A design procedure has been, suggested to compensate for 
the presence of errors, based on (AQL, a), (RQL, p) require- 
ments, The intercepts h^ and h 2 increase in presence of both, 
t 3 rpe I error and type II error. Slope s decreases in presence 
of type I error. Ihis effect when transferred to acceptance 
and rejection number follows a pattern similar to other 
plans. 

5, How sln^e, double and sequential saapling plans coiiparG 
in presence of errors is discussed. The sensitivity of the 
three plans on the basis of OC curve , to the presence of 
inspection errors is studied. The results are for a t37pical 
set of requirements, hence nat generalized, however, the methodo- 
logy presented can be used to study the sensitivity for any- 
given set of requirements. 



CHAPTER V 


MEASJRmEMr ERRORS AND VARIABLES ACCEPTANCE SAMPLING 

5.1 Introduction s 

5.1.1 Variables Acceptance Sampling s 

Acceptance sanpling by variables is one of the basic 
quality control techniques, used to determine the acceptability 
of the product, idren a quality characteristic is measurable on 
a continuous scale and is known to have a distribution of a 
specific type, say normal. It may be possible to use a sampl- 
ing plan based on the sample measurement such as the mean of 
the saii 5 )le or the mean and standard deviation of Ihe san 5 )le. 

5.1.2 Measurement Errors s 

One of the assun^tion implicit in the development of 
model for variables sairpling plans is that the dimensions 
observed are true r^resentation of the actual dimension. 
Unfortunately r© method of measurement is absolutely accurate 
or fool proof. Although steps can be taken to increase the 
ini^ection accuracy, the fact robins that measuroBent errors 
will not be eliminated. The two error factors of primaiy 
concern in variables measurement are Bias and- Imprecision . 
Each of the two has its own ioportance aiKi both together 
characterize the measuronent errors. 
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Bias : 

Bias is the difference between true dimension of a 
product aiKi the average of a long series of repeated mea- 
surements made on that product. Bias will tend to cause all 
readings to be di placed by a fixed amount, either too high 
or too low. Bias cannot be offset by taking more readings 
and averaging them. Mathematically Bias p ^ may be 
expressed as, 

tig = E cS) - e (5.1) 

where — represents an observed dimension 

® — is the true dimension of a ^ecific unit 

Imprecision ; 

imprecision is the inability to repeat . the results, 

-when measurements are taken on the same unit. Bie disper- 
sion of these measurements may be expressed as the standard 
deviation of the measurements. This type of error is usually 
nomally distributed ard is usually treated as iixiepentient 
of true dimension of the product. Imprecision a can be 

■ B 

defined as, 

f ^ar (5.2) 

5.1«3 Human Errors ard Instrument Errors ; 

Measurement errors are due to combine effect of human 
and instrument errors. Human errors are caused by human 
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inaccuracies. The human errors can also he represented by 
bias imprecision Instrument errors arise due 

to absolutely accurate. The instrument errors are charac- 
terized by bias and imprecision The measurement 

error is assumed to be normally distributed and can be 
characterized by bias and imprecision cr ^ ^Ahich may be 

given by, 

' 5 . 3 ) 

'"e = 2j><Jj^cr^)l/2 (5^^, 

where is theoretical correlation coefficient between human 
error and instrument error. 

5.2 Single Sampling Plan for Variables : 

{Sin^e Specification Limit ) t 

"When product dimension, such as length, weight etc, 
are of concern there may be either an upper spc;Clfi cation 
limit or lower specification limit or both. Ctonsiderii^g the 
case of single, lower i^ecification limit L, a product item 
is said to be acceptable if its dimension, x, is srch that 
X L, otherwise it is a defective. 

Single sampling plan for variables is used to deter- 
mine the acceptability of a lot. It is characterized by , 
sample size, n, and acceptance constant k. A random sample 
of size n is taken aM the appropriate dimension of eacn itea 



151 


is measured. The measurements are averaged to constitute 
the statistic 3^, i^feich then is compared against a decision 
criterion DC_. For a single lower i^ecification limits the 

X 

comparison is done as follows, 

if x^ > DC_ = L + ko accept the lot reject othen^ise 

The lot standard deviation may be assumed to be known 
and constant. The decision variables n and k are deter- 
mined to meet (ACL, a), (RGL, §) requirements. 

The notations used in further analysis are summarized 

belows 

Sample size 
Acceptance constant 
Lower specification limit 
Upper specification limit 
Acceptable quality level (AQL) 

Reject quality level (RQL) 

General fraction defective 
Probability of acceptance 
True measurable dimension 
Histribution of x 
True sample average 

Ti^e value of lot mean correspondir^ to fraction 
defective p 

True staMard deviation of lot 

Measuiement error incurred in a single meastirement 


n - 

k 

L 

U 

Pi - 

P2 - 

p 

Pa - 

X - 


f(x)- 




152 


f(x^) - Distribution of the measurement error 
g - Bias 

cr g - In^jrecislon 

Pa^ - Probability of acceptance under measurement 
error 

Xq - Observed dimension 

f(x„) - Observed lot distribution 
o 

|i^ - Observed or realized mean + M-g) 

CTq - Observed or realized standard deviation 

= {a2 + CT 2)1/2 

e 

5.2.1 liien Measurement Error is not Present t 

ihe lot vd.ll be accepted when its sample average exceeds 
the decision criterion DC__. Thus probability of acceptance 

X 

is given [Duncan (5)] 

Pa = Prob. (x^ > DC_ | p) 

Bie above expression is for lower specification li::f.t. An 
upper specification limit would re(|uire sinple modification. 

Pa is then given by. 

Pa = Prob (x > L + k 0 I p) 

n — 

k 0 L - p 

= Pr ( -S— E- > ( ^ E ) u Ip) (5.5) 

0 /Vn 0 

Xn - 

Ifote that ' - ^ is a staixiard noxiaal deviate (Z. ) and 

^ An ^ 

[(P-- - L)/cr3 is a distributional deviate (Z ). It gives- 

sr : . . Jr 

number of standard deviations s^arating mean with lower 
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specification ^ch that fraction defective equal to p 
results. Sius, 

Pa = Prob (Z^ > [k - Z ] Vn j p) (5o6) 

the above ec|uation (5.5) can be used to get two conditions 
for probability of acceptance at p^ (AQL) and at P 2 (RQL) 
viilch can be solved to obtain the follow. ing [Duncan (5)] 



(5.7) 


(5,8) 


Sample size is rounded up or down to an integer giving two 
different value for acceptance constant and k 2 and the 
mean of two is taken as the acceptance constant. 


5.2,2 liHien Measurement Error is Present; 


Each measurement will involve some deviation from true 

value of dimension. This deviation x is a random variable 

0 

assumed to be mrmally distributed ard chai^cterlzed by bias 
aid in 5 )recision diich are assaimed to be known. Ihe lot dis- 
tribution and error distribution are assumed to be independent. 

Utoen measurement error is present distribution of the 
observed dimension is convolution of the lot distribution 
and the measurement error distribution. That is. 
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= X + x^) = i^(x) . ^5.9) 

Hie observed distribution has mean and standard deviation 
given by. 


vhere h 
variance. 


o = f^p ^^e 

(5.10) 


(5.11) 

Q = 0(1 + 

a 




/h+l 

J h 

(5.12) 


02 

, ratio of lot distribution variance to error 
a 

e 


5* 2, 3 Effect of Measurement Error on PC Curve; 


Case I t Mien only bias is present. 


We had seen before probability of acceptance in ab sense 
of error is given by Eq. (5.12) as, 

, - p k 0 + L - p 

Pa = Prob ( P > [ _E ] Vn I p) 

0 /fi 0 * 

Bias will cause 5^ to be replaced by x^ and Pp by in the 
above equation. 


Pa, 


Prob ( -2 

’^/fn 


k 0 + L - 

> [ ] ^n j p) (5.13) 


From the above equation it is possible to sayj 


it < 0, Pa^ < Pa 

lig > 0, Pa^ > Pa 



155 


'Hiat is if there is tendency to underestimate the actual 
dimension, an observed dimension closer to lower specifica- 
tion limit is realized and hence probability of acceptance 
is diminished and if there is a tendency to over estimate 
the actual dimension, probability of lot acceptance is 
increased. Urus we see bias has a translation effect on 
the OC curve. 

Case II s V?hen Only Imprecision is Presents 


In the presence of only imprecision, the observed 
probability of acceptance will be given by. 


Pa. 


X - P 

Prob ( ' ^■1^ 


ko + L - P 

> [ — — ^Ifn j p) 


o 


= Prob ( 


° [ =— S I P) 


oTTE^ 

o 




k cr ^ L - u rrr^ [ \ 

= Prob (Z^ > [ E ]Vn I P) 

( 5 . 14 ) 

It can be seen that x^ is replaced by x^ and a in the deno- 
minator on both sides are replaced by o^, a in the numerator 
on right hand side is kept as such because ko + L is the 
value ©f US , which is supplied to the injector. Biis value 
r^aaips ^ecified to the inspector in advance- Ihe effect 
of ia^Krecision can be studied by recognizing will be 

in the range. 
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+ L — ,ji. 

If [ ^ ] iTn < 0, ^ Ps» 

k CJ + L - M- 

If [ E. ] fn > 0, Pa^ > Pa. 


That is, for a fraction defective -where desired probability 
of acceptance is greater than 0,50 the actual probabili-ty of 
acc^tance will lie in the range 0.50 < Pa^ < Pa. Conversely 

at a fraction defective where desired probability is less 
than 0.50, Pa < Pa^ < 0,5. In short imprecision tends 

to rotate or flatten the OC curve ani makes the plan less 
discriminating between good and bad lots. 


Case III ; liftien both bias and imprecision are present. 

In presence of both bias and imprecision observed pro- 
babili-ty of acceptance is given by. 




ko + L - 

> [ ^ I p) 


I p) 

't 

(5.15) 

Ihe effect of measurement errors on probability of 
acceptance -Mill then be depend upon the rela-tive velues of 
the bias and inprecision. Bias is a dominating member and 
hence the effect -vd.11 follow pattern similar "to -that due to 


Prob (Z^ > [ 


kcr + L - M- - M- 
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bias only. Numerical example in later section would make 
the concepts clear. 


5.2,4 A Numerical Example ; 

Let us consider a typical example [Duncan (5? where 
L = 17000 psi, standard deviation o = 800 psi, 

P^CaOL) = 0,01 

P2(RQ) = 0,08 

a = 0.05 

p = 0.10 


We have for- above plan, 

Z = 1.6449, Za = 1.2816, Z = 2.3262, 

CX P 

Z = 1.4053- 
^2 


( 1.6449 1.2816 v2 

2.3263 - 1.4053 ^ 

10.0967 

2.3263 - ^ - 

10.0967 

1.8086 

For iiie plan found above, i.e. n = 10.0967, k = 1.8086 along 
with L = 17000, 0 = 800 let us try to examine the effect of 
bias ani inprecision by finding OC curve for various values 
of bias and imprecision, ¥e will not round or down n 
obtained before to make it an integer so as to have an 5.dea 
of the effect of measuremeirt errors. Table 29 gives probability 
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of acc^tance for few selected incomii^ quality levels and 
for measurement error distributions. Uie Big. 14 “shows the 
effect of measurement errors on the OC curve. Results obtained 
in Table 29 as well as in the Big. 14 are in accordance with 
the discussion presented in Sec. 5.2.3. 

5.2,5 Upper ^ecification Limit s 

If the decision is to be based for an upper ^ecifi- 
cation limit, U, then the OC curve in presence of bias and 
imprecision both, can be expressed as, 


Pa = Prob ( 


X — u 

n ^ 

< [ 

^ /f n 

X - p 

o o 

vl 


lip + iig . 

Q 

O 


- kcr + U — p. 


- kc + U - p. 


3fn j p) 

(5.16) 

^ ] r n I p) 

(5.17) 


Substituting = Pp + sin^Jliiying, 

Pa^ = Prob (Zjj < [-k - p) (5.18) 


The effect of imprecision, . as it can be seen from the 
Eq. (5.18), will be the same as in the case of lower speci- 
fication limit. However, the effect of bias will be just 
the opposite. 

5.2.6 Design of Plan Compensatim for Measurement Errors ? 

Case 1: Lower Specification lijmit ; 

Probability of acceptance when both bias and inpjrecision 
are present is given by Eq. (5.15), -vdiich can be sinplified to. 
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Probablity of acc«ptancc( Pa ) 


PLAN (n =10-0967, k = l'808b) 

(L =17000,0-= 800) 

(AQL =0-01 =0-05, RQL=0 08,/J^ 




: < 0 . 


0 04 006 008 
Incoming quality (p) 


Fia T4 OC Curves in presence of errors (Variable 
^ sampling plan single specification limit ) 
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Pa^ = Prcb (Z„ > [k - ^ * 2p] Vn I p) (5.19) 

For p = requirenent is Pa^ = 1 - a, ard. 
for p = P 2 requiranent is Pa^ = p. 

Substitu-ting these requirements in Eq. (5*19) and sin^jliiying, 
we get. 


- z 




h 

h+1 


h 


Zp = ^ - Zp^) 

Let, k' = k - , 

- ^-a 


( 5 . 20 ) 

( 5 * 21 ) 


I n h 

^ =-W 


(k - Z ) Vn’ 
P 2 

(k‘ - Z ) Vn' 
P 2 


(5.22) 

( 5 . 23 ) 


Solving as in case of no measuranent error, we get [IXincan (5)] 


n 


(Z^ 

+ z^ ) 

Pi 

P 2 

z 

z 

a 

Pi 

fn’ 

z 


P2 

Vn' 


(5.24) 


f f 

, k, + k^ 
k = - : k , 


(5.25) 


Knowing n’ and k’ we can get saiii)le size and acceptance 
constant as. 


n 


■y 


k = k + 


h+1 

(Z - / )2 

Pi P2 

» Pe 


(5.26) 


(5.27) 
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Here n* and k* are same as n ani k v;hen analysis is done 
without measurement errors. Hence it can be seen bias 
affects acceptance constant and in^irecision affects the 
sample size. Both together change the plan. Acc^tance 
constant increases with positive bias > 0) because 
positive bias will lead to too Mgh values, which would 
have been otherwise accepted. Conversely acceptance cons- 
tant decreases with negative bias. Sample size increases 
in presence of inprecision. The presence of imprecision 
would introduce additional variability and hence would lead 
to increased san^le size. The observed OC curve (Pag) 
conqpletely overlaps desired OC curve (Pa). 

Case 2 ; Upper ^edfication limit. 


Tiftien upper i^ecifi cation limit is the criterion 
probability of acceptance is given by Eq. (5.17), 

3C - 


Pa = Prob ( 

aA[n 


o < j- - U " P- 


0 


]1pl 1 p) 


o' 


o 


The above equation can be used in the same way as in 
case of lower specification limit to give, 

^ v2 


Sanple size n 


-i 


h-t-l / _a 

h Z 




Acceptance constant k = k - 


<s 


(5.28) 

(5.29) 


"vdiere k* is the acceptance constant for the case 'vdien there 
is no measurement error ( same as the case of lower specifica- 
tion limit) . 
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Again sample size increases in presence of imprecision. 
However, bias has an opposite effect on the acc^tance cons- 
tant, which is even obvious intuitively. The observed OC 
curve can thus be made to overlap the desired OC curve, (and 
hence the term con^jensating design). 


5*3 



Case I; Ifiien error free measurement is assumed; 


The minimum fraction defective of the lot or process 
with upper and lower specification limits occurs y&ien the 
process mean falls exactly between the specification 
limits. In this case Z deviate at each end will be, 



a a 2a 


and the proportion of area beyond + Z will be the fraction 
defective. Tiftien there are two specification limits, therefore, 
the first step is to check whether area beyond Z = + 
is greater than what is acceptable. If so, we may reject 
the lot without sampling. 


If, however, the minimum possible fraction defective 
is better than ishat we seek, it may p^ to sample, since 
m^ be either favorably or unfavorably located. Let us con- 
sider a case, in \diich, if process is centi^, there will be 
practically no defective material. Ihis will occur if ^ > 3 . 
For such widely ^read limits there will be two single limit 
plans, one for each end. 
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The ■fchirci case can he when two limits are not rela- 
tively far apart, say < 3- But still are not so close 

that minimum fraction defective to he obtained, if is 
centred between two limits, is - the acceptable 

level. Then the procedure is to find by trial and error 
a suitable idiich will give fraction defective equal to 
acceptable quality level and then design the plan [Duncan (5)]. 

Case li t lib-th Measurement are not Error-free s 

"When the measurement errors are present, the sample 
mean is replaced by realized sanple mean x^. a is replaced 
by 0^. Bie decision criterion given to inspector contains 
0, but 0 in DC_ is not replaced by 0^ because it has been 

X 

already provided to erroneous inspector using erratic measur- 
ing instruments. 

The three steps still remain the same as in case of 
error-free meaairements. The first step is checking, whether 
acceptable quality level can be obtained, by finding minimum 
possible fraction defective. This will be obtained when 
observed process mean will fall, exactly between upper 

and lower ^ecification limits. Minimum fraction defective 
will be given by the area beyoni + Z of normal curve idiere 



U — L 

The second case is Tidien > 3Cv» i^ this ease 

two single limit plan in presence of measurement errors can be 
fo^u::Ki as described in Sec, 5.2. 
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The third case will be when minimum fraction defective 
is less than acceptable quality lev^ but 3 <S'q. In 

such a case we resort to same trial and error procedure of 
finding appropriate setting to get the fraction defective 
equal to acceptable quality level. Then steps to find n 
ard k will proceed on the same lines as in the case of 
single ^ecification limit. Thus we see in the case of 
double ^ecification limit there is not much change as 
conpared to the procedure for single specification limit. 

5.4 Sequential Sampling Plans for Variables (Single Sided 
Alternative) : “■ “ 

Wien quality characteristic is measured and question 
is Wiether a standard has exceeded (or fallen short of) 
the mean of mrmal distribution (with known standard devia- 
tion). The sequential sai^ling plan is based on Z x can be 
effectively used. Since x = 1 i?/n, a sinple sanpling plan 
based on Z x is equivalent to a plan based on x. 

Wren a quality characteristic is normally distributed 
and when the standard deviation is known, a sequential 
probability ratio plan based on Z x takes the following form. 
A unit is taken from the lot and a meaairement x is made of 
the given quality characteristic. The result is plotted on 
a chart shown on the next page. If the value falls above AB 
the lot is accepted. If the value falls below CD the lot is 
rejected. If the value falls between the two parallel lines. 


NO. OF OBSERVATIONS (n) 



Fig. 15! Sequential Sampling Plan for Variables. 
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another item is taken ard x is measured. Z x is foimd 
and plotted on the chart and checked for the three actions. 

It is possible to have acceptance ard rejection lines to be 
just opposite (upper line is rejection line and lower line 
is acceptance line) if low values of x are derived. 

5.^.1 SPR Plan Based on Specified Values of P 2 » ^ and p j 

For specified values of P» and a given 

the ecpiation for the two parallel lines are given for 
case of single sided alternative. 

T = h 2 + s n ( 5 . 30 ) 

T = -h^ + s n (5.31) 

where for lower ^2 for an upper ^^2 

(Analogous to lower sped- (Analogous to upper speci- 
fication limit) ficati on limit) 


h 


b 


b 0 2 

(5.32) 



H 

f 

C\J 

If 

h 


acr 2 


ao^ 

(5.33) 

^2 



^2 


s 

= ■ 

2 

s 

IX + u, 

1 ^2 

2 

(5.34) 

a 

= ■ 

log^ (if) 

a 

' l°8e 

( 5 . 35 ) 


, - . 


b 

= logg (^) 

( 5 . 36 ) 

It 

may 

be noted that the 

spread between the lines 

but not the 


slope deperds t^jon o . 
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5.4,2 Effect of Measurement Error on Probability of 
Acceptance t 

The probability of acceptance for a SPR plan based 
on I X mth a single P -2 is given by following formulae. 


K = 


2(s -P ) 

rr2 


K. 


2(s - ^ -p ) 
(c^ + a 

e 


(5.37) 




K 


t2 = 


Pa = 


(h^ + h2) K 

A 


- 1 


= ^1- 

■to„ = (h. + h^) K 


Pa^ = 


e^" - 1 
e - 1 


(5.38) 


(5.39) 


Without error 


With errors 


To illustrate the effect of bias and imprecision on the 
OC curve, a numerical exanmle is considered. 

(P^ = 0.1350, ^2 = 0.1300, a = 0.03, 

p = 0.10, and a = 0.006 ) [Duncan (5)] 

This gives the plan in absence of errors as, 

h^ = 0.0208, h 2 .= 0.0162, s =0.1325 

For the above plan and for few r^resentative values 
of bias and 4H5>recision, probsJaility of acceptance was 
confuted and is given in the Table 30. The figure 16 shows 
the OC cai,rve in presence of measurement errors. Hie effect 
of bias and in^jrecision on the OC cairve is same as in the case 



Table 30 : Probability of Acceptance in Presence of Measurement Errors 
(Sequential Sampling Plan for Variables) . 
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Fig.16 OC Curve in presence of errors(Sequentiai 
sampUng plan for voriables with single 
specification limit) 
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of siiigle sampling plan for variables. Bias shifts the 
OC curve (or translates it) in either direction dependiiig 
upon whether bias is positive or negative. Imprecision 
flattens the OC curve to make the plan less discriminating 
between good and bad lots. 

5*4,3 Effect of Measurement Errors on Average Sampling Mimber i 

The average sample mimber curve for a SPR plan based 
on E X can be derived from the following formula vSien bias 
and imprecision are not present [SRG report (13) ] 

Pa (h, + h-) - h^ 

ASN = ^ ^ 

!i - s 

In presence of and we will have Pa^ instead of Pa 

as discussed before. ASN will be modified to. 

Pa (h, + h„) - h 

ASN^ = — ^ 4 ^ 

® ti+ p _ s 

Again for same se(pential plan considered in Sec. (5.4.3), 

ASN is coniputed for a few representative pairs of bias P 
ard in 5 )recision Hie results are given in Table 31. The 

Eig. 17 shows liie effect of bias and imprecision on the ASN 
curve. 

Bias when present shifts the OC curve in either direction 
depending upon its sign. ASN is basically dependent upon 
probability of acceptance and probability of reoection. Both 
of idiich are (implement of each other, ASN increases in the 
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Incoming mean(#^). 


Fig 17 Average sampling number in presence of 
errors{5equentia1 plan for variables with 
single specification limit) 
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presehce of in5)recision for ^me part of tSie curve ami then 
it decreases ae han he seen from the figure 17. 

Compensating Sequential Plan in Presence of 
Measurement Errors ; 

yie hhve seen the effect of measurement enurs on proba- 
bility of acceptance in the Sec* (5*4. 3) » 'Hie plan based on 
4^, ^ 2 * ^ smd p requirements is to be designed \dien measure- 
ment errors are present* 

The development follows on exactly similar lines as 
in case of sequential san^iling plan for attributes and 
single sampling plan for variables. Hie following are the 
decision variables of the compensating plan. 


^e = 


h 


2e 


b + 0 

e ^ 

u - u 

h-2 

a + a 

0 

p - P 

2 1 


P + P 
1 * 2 


+ P. 


(5.42) 


(5.43) 


(5.44) 


The results can be obtained by replacing P by (P4Pg) 
by (o + ^ equations for the case i^ien measurements are 

error free. For the equivalent plan given by h^^, h^^ and 
s , it can be verified that observed OC curve (Pa ) will 
con^ilet^y overlap the desired OC curve (Pa) (given in the 
.^jpe n ^i x That is if we know measursoent errors (P , 0 ) 

and the i^an variables h^, h 2 and s and also (the standard 
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deviation of the process) , we can have the con^ensating 
plan given by Iqs. (5.42), (5.43) and (5.44). 

5.5 Economic Effect of Measuranent Errors on Variables 
Sampling Plan t 

Kie economic effects of measuronent errors on variables 
san^ling plan have been discussed by Case et al (35). They 
have considered the case of double specification limit. The 
inspection cost and cost of accepting a defective and cost 
of rejecting an entire lot are considered. The effect of 
bias tin absence of ing)recision is dramatic. A bias which 
is 33.3 percent of six standard deviation natural tolerance 
spread increases the cost to nearly 600 percent. The increase 
however depeMs upon cost coefficients ani other parameters. 
Similarly the inprecision equal to 66,7 pereent of six 
standard deviations increases cost by 150 percent. The 
effect of inprecision is thus less dramatic, but still, it 
cannot be ignored. 

5.6 Ctonclusions t 

The following are conclusions based on the treatment 
in the present chgpter, 

1. The measuronent errors are represented in form of bias 

(u ) and inprecision (u ). 

" ' ■■■:.© 

2. The measurement errors are due to combined effect of 
humab errors and instrument errors. 
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3« Bie presence of bias and in 5 )recision significantly 
affect the OC cnive. But the design based on AC3L, a, RCL 
arsi p can be modified to account for measurement errors, so 
as to obtained desired OC curve. 

4. The effect on the SPR based plan is similar to that on 
plans based on single or double specification limit. 

5. The economic effects of the measurement errors are too 
drastic to be ignored. But further analysis is required to 
design a plan based on economic model anl then account for 
the preseiK5e of measurement errors. 

6. The analysis of ^R based plan vdth two sided alters 
native and analysis of plans when standard deviation is 
imknown can be of interest for further research. 



CHAPTER VI 


GONCLUSIOfiS AND SCOPE FOR HJRTHER WORK 

6.1 Conclusions : 

Quality control is a major activity in the production 
system, Bie objective of quality control systan is to satisfy 
the quality needs of the specif ic custaners in the most econo- 
mic manner possible. The effectiveness of the quality control 
systan in meeting the quality objectives depends largely on 
hovr well people do their jobs. Job performance is a function 
of the particular set of individual, physical ani organiza- 
tional factors that influence a person in his job. The general 
teim for these influences is htanan factors. 

Human inspector using his basic senses to detect faults 
is the major elaaent of the quality control systan. Hie 
evid^ce f rcan the studies done in the past and the one at hand 
gives strong grounds for claiming dominant position of htoaan 
inspection in quality control system. A well designed cpiality 
control system would try to accrue the advantage a human 
inspector can offer but it has to make allowances for his 
iiSierent limitations. The inspector is mr^ly perfect either 
in detection or in diagnosis. 

In the context of acceptance semplii^ by attributes an 
inspector may classify a good items as defective (type I error) 
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or a defective as good (type II error). In case of variables 
beii^ measured on a continuous scale the inspection error 
together with instrument error give rise to what may be 
termed as measurement error. Ute measur^ient errors are 
characterized by bias and imprecision. 

The effect of inspection errors on various performance 
measures is found to be significant. The perforaance measures 
such as probability of acceptance average outgoing ^iality 
etc, are studied in the presence of inspection errors. It is 
found that the nature of the effect of inspection errors on 
the performance measures for single, double and sequential 
sampling plan is not significantly different. 

Regarding the operating characteristic curve of a 
sanpling plan, it is found that type I error reduces the 
probability of acceptance and type II error increases the 
probability of acceptance. It is so, because the type I 
error incorrectly classifies good itoas as defectives and 
type II errors classifies defective it®Qs as good. 

Sii^le saspling plan consists of a fixed sanple size. 
Hence Average Sample ftanber (ASN) is constant for a single 
sanpling plan. For double and sequential sasipling plan ASM 
is a function of incoaii^ quality. The effect of type I error 
is to increase ASN until .p / is better than certain level 
Pf^) beyoM idiich the effect is to decrease ASN. Fbr 
type il errcr, A^ decreases mtil certain incoming, quality 
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beyond which it: increasos in the presence of err'oi’. 
%ien both errors are present the net effect d^ends upon 
relative values of e^ and 62. But e^ being dominating 
member liie effect is usually similar to that in presence 
of e-j^. Hie above analysis has been presented in Chapter IV* 

Average outgoing quality (ADQ) is also significantly 
affected in presence of inspection errors, T3^e I error 
decreases AOQ for all incoming quality levels because of 
more screening inspection (Lots are reoected more often). 

In presence of type II errors AOQ increases for all incoming 
quality levels because of erroneous classification and accep- 
tance of defectives as good, Ohe shape of AOQ curve also 
changes. At higher values of p vOiere Pa teMs to be negli- 
gibly saall, AOQ curve starts rising because of increased 
number defectives being classified as good. In case of some 
typical combination of type I and type II errors AOQ curve 
may not show any decreasing treni throughout the range of 
incoming quality. In the range vh ere p is small e^^ aiKi 
both have AOQ with an increasing trend aiKi after that ^en 
it should decrease (at higher value of p), 62 is dominat- 
ing and hence idle curve ke^s rising* 

Average total inspection (ATI) increases in presence 
of t3q>e I errors due to decrease in the probability of 
acceptance, increased infection of rejected lots. The 
^ eff^t..o| .^e, ’ll., errors ^i the opposite. 
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A oodel has been presented for the economic amlysAs 
of double sampling plan in the presence of errors. Bie 
computational results could not be obtained because of 
shortage of time. 

The effect of measurement errors on the variables 
sampling plans is also studied. Measurement errors are 
characterized by bias and imprecision. The effect of mea- 
surement errors on probability of acc^tance is studied. 
Compensating design procedures to account for meaairement 
errors halre also been discussed* 

In the presence of bias the OC curve translates in 
either direction. For a plan designed for the lower speci- 
fication limit, a positive bias would shift the OC curve 
towards right because it would increase the measurements 
and lead to hi^er probability of acceptame. Negative 
bias in the same way will shift tbe curve towards left. 

For the case of i^er specification limit the effect is just 
opposite. Imprecision flattens the OC curve, the 

plan less discriminating between the good and the bad lots. 

It IS because of additional variability introduced due to the 
meamiresoent errors. 

Hie variable samplxng plan design can be modified to 
acoe^ ^ coiDpensate for Ihe measuraaent errors present. 

plan will give an observed OC curve with 
which would completely overlap Hie 
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desired OC curve. The sequential sampling plan for 
variables is also considered. Again the effect of measure- 
ment errors on the performance measures and the analysis 
for compensating design is presented. 

The economic effects of measurement errors are des- 
cribed briefly, it is seen that bias and imprecision can 
have drastic cost effects if not accounted for. 

The assumption of error free inspection just for the 
sake of mathematical simplicity cannot be justified. The 
errors ^ould be incorporated in the model building phase 

of analysis if quality control systems have to be accurately 
represented. 



■ Die present work on 'inspection errors aid 
plans is extensive but far from v^at may be called as 
complete. In order to join the unbridged gaps the treat- 
ment in this thesis needs to be extended in the following 
directions. ■ 


1. Developing a suitable congiuter program to obtain Uie 
o^putatlonal results based on the model for eoonomio analy- 
sis of double san^Ung plan. Hds would' probably strengthen 

"tile aii^lysis giveia* 

heuristic to design a double 

plm based on tbe model presented for eoonomio analysis of 
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double san^ling plan. This would require some ad^tive 
approach and subjective information has to be incorporated, 

3. Developing some heuristic to design a single sampl- 
ing plan based i^on AO^ and minimum ATI requirements, 

A heuristic starting from the plan designed with assumption 
of perfect infection may work, 

4. Developing a model for the exact economic analysis of 
a single sampling plan. This will be a simple modification 
of the model presented for double sampling plan, however, 
COTiputational results have to be obtained. 

5. Developli^ the analysis of the variables sao^ling 

plan in the presence of errors for a more realistic case of 
unknown variance* 

6. Developii^ analysis for sequential sampling ^en 
testily of mean is being considered with two sided alter- 
ative or testing of variance of the population is being 
considered* 


7. Developing the analysis for the case i*en infection 
errors are linear ftmotion or some higher degree function 
of the incoming tp^lity. m the present It has been 

. assumed that inspection error is independent of other 


' . ^veloping the analysis of measurement errors and 

' ■ ■ ■ 


“the , same lines. 
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APPEM)IX A 


d Pa 

Here, we 'would find expression for re.quired , 

for ooinputation of ATI^ in case of sequential saiii)ling plan. 
The following equations were discussed in Sec. 4,2. 

s 


w ^ - 1 
e 

w - 1 
e 


w 






Pa^ = 


w 




- 1 


for < s 


(A.1) 


(A.2) 


If 


w w 

e e 


1-s 


w^ 1 
e 


pf i — 

e 


w 


- 1 


for > s 
■^e 


(A. 3) 


(A. 4) 


Where p. 


p(l - e^) + (1 - p) e. 


Differentiating (A. 1) aixi (A.2) mth respect to w., we get. 
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Fig. (A.7) is for the case when < s. Further, we 
differentiate Eqs. (A. 3) a«i (A.4) with respect to w^, to get, 
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For a given incoming quality p, apparent incoming 
quality p^ is easily obtained. If p^ < s, then using 
Eq, (A.I) and some numerical method we find ^propriate 
w^ such that Eq. (A.l) is satisfied. If p^ > s, we fiixi 
to satisfy Eq. (A. 3 ) in same way. After obtaining w^ 

Eq. (a. 5) and (A, 6) or Eqs. (A. 8) and (A. 9) can be evaluated 
depeMing on whether p^ < s or p^ > s. Using the above 
results, 


d Pa* d Pa 

— — or — for p_ < s and p„ > s 

dp; dp- 

respectively are obtained. 


It ifigQ?- be recalled that Eqs. (A.1) to (A.4) are 

in determinate for P^ - s. In such a case following 

® d Pa 

approximate procedure can be used. ELikI for two 

values of p that give p^ = s 4- & ajxi = s - 6, where 6 

is snail quantity. Ihe average of the two values so fotuxi 

d Pa 

gives approximate value of y ' _ { 

Pe p =s 



APPENDIX B 


Here it will be shown that OC curve for the eompen- 
sating' sequential plan in case of measurement errars 
completely overlaps the desired OC curve. Following equa- 
tions for OC curve for a compensating plan are from Sec, 5* 4 
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In same way we can get h 2 g K^ = K, aM hence. 
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That is the observed OC oirve (Pa^) for a con5)ensating 
secjuential sampling plan coi^letely overlaps desired OC 
curve (Pa) . 



